FALL 2021: MATH 830 CLASS NOTES

D. KATZ

Lecture 1: Monday, August 23. We begin with a brief introduction to solving polynomial equations by
radicals and then look at some examples that illustrate the interaction between groups and fields, which is
the main theme of Galois theory. In the examples below, we will assume that all of our fields are contained
in C, the field of complex numbers.

Let us start with a degree two polynomial, p(x) = ax? + bx + ¢, with coefficients in a field, say Q, the
field of rational numbers. The quadratic formula says that the solutions to the equation p(z) = 0 are given
by the expression

o —b 4+ Vb% — dac
D Ta—

In other words, the roots of p(z) can be expressed algebraically in terms of the coefficients of p(x), using the
operations: +, -, - , = and 4/ . More generally, if p(x) is an arbitrary polynomial, our intuition tells us that
to say p(x) is solvable by radicals means that we can express the roots of p(x) algebraically in terms of the
coefficients of p(x) using the operations +, -, - , + together with the extraction of roots of various orders.
It turns out that this is also possible for polynomials of degrees three and four, and in fact, in each of these
cases, there exist universal formulas that work simultaneously for all polynomials of degree three or degree
four. However, in the early 19th century, Abel showed that there exist degree five polynomials that cannot
be solved by radicals. Thus, in particular, there cannot exist a universal formula for degree five polynomials
expressing roots in terms of radicals. Later, by associating a group to a polynomial, Galois characterized
when a polynomial was solvable by radicals in terms of a particular group property (which is also called
solvable.). Using Galois’ characterization, in principle, one can determine group theoretically whether or not
a polynomial p(z) is solvable by radicals.

The examples below give a small taste of the subject’s flavor. In particular, we can see how to associate
a group with a given extension obtained by adjoining roots of a polynomial.

Example 1.1. Consider the field extension R C C = {a + bi | a,b € R}. Note that C is obtained from R
by adjoining a root, namely i, of the polynomial f(x) = 22 + 1 to R. We also note that, in the process of
adjoining one root of f(x), we have also adjoined the second root, namely —iE|

Now consider the map o : C — C given by complex conjugation, i.e., oc(a) = @, for all « € C. Then o
satisfies the following familiar properties:

(i) o(e) = o, for all @ € R.
(ii) o(la+ B) =o(a) +o(B), for all a, 5 € C.
(iii) o(apf) =o(a)o(B), for all a, 8 € C.

Note that since @ = « for all a € C, o is also one-to-one and onto. We call o an automorphism of C fizing
R. Now suppose T were another automorphism of C fixing R. Then:

0=71(0)=7(%+1)=70%) +7(1) = (7(i))* + 1.

In other words, 7(i) is a root of 2% + 1, thus 7(i) = i or 7(i) = —i. It follows that {id,c} are the only
automorphisms of C fixing RH Moreover, since 02 = id, these automorphisms form a group.

Lof course, something even more remarkable is true. By adjoining ¢ to R, we actually obtain all of the roots to all of the
polynomials with coefficients in R. This is the Fundamental Theorem of Algebra, first rigorously proven by Gauss. We will see
a proof of this theorem later in the semester.

2H0wever, there are uncountably many automorphisms of C fixing Q.
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Putting this all together we have that the number of automorphisms of C fixing R equals the number of
roots of 22 + 1 in C, which equals the degree of the field extension R C C, i.e., the dimension of C as a vector
space over R.

Example 1.2. This example is very similar to the previous one. Consider 2% — 2 € Q[x], which has the
positive real root v/2. Consider the set of real numbers Q(v/2) := {a + bv/2 | a,b € Q}. This set is clearly
closed under addition and multiplication of real numbers. Moreover, if 0 # a + bv/2, then m (a—bV?2)

is the multiplicative inverse of a + bv/2. Thus, Q(v/2) is a field extension of Q having degree two. Moreover,
—v/2 € Q(V/2), so that both roots of 22 — 2 belong to Q(v/2).

Let us check that o(a 4 bv/2) = a — by/2 is an automorphism of Q(v/2) fixing Q. The map o is clearly
additive and fixes Q. More over,

o((a4+bV2)- (c+dV?2)) = o((ac+2bd) + (ad+bc)V2)) = (ac+2db) — (ad+be)V2 = o(a+bV2) -o(c+dv2).
Finally, if we think of o as a linear transformation from the vector space Q(v/2) over Q to itself, the matrix
of o with respect to the basis {1,1/2} is just ((1) _01>, so 0 is 1-1 and onto. Thus, ¢ is an automorphism of
Q(v/2) fixing Q. As in the previous example, if 7 is an automorphism of Q(v/2) fixing Q, then 7(1/2) is also
a root of 2 — 2. Thus, 7(v/2) = +v/2. In the first case, 7(a + bv/2) = 7(a) + 7(b)7(v/2) = a + bv/2, while in
the second case, 7(a +bv/2) = 7(a) +7(b)7(v/2) = a — by/2. Thus, either 7 = id, the identity map, or 7 = 0.
Since 02 = id, it follows that the group of automorphisms of Q(v/2) fixing Q has two elements (and thus is
isomorphic to Zs), and so the number of elements in the Galois group of #? — 2 over Q equals the number
of roots of 22 — 2 in Q(+/2), which equals the degree of the extension Q C Q(+/2).

Example 1.3. Let us now consider f(x) = 2® — 2 € Q[z]. The graph of y = 2° — 2 in the plane R? shows
that f(x) has one real root, namely ¥/2. Set Q(¥/2) := {a + b¥/2 + ¢(V/2)? | a,b,c € Q}. Then Q(v/2) is a
field containing /2. Tt is not as easy to show that Q(+/2) is a field as in the previous examples, but here is
one way to see this. It is relatively easy to see that Q(3/2) is closed under addition and multiplication. The
crucial point is that non-zero elements have multiplicative inverses. For this, I leave it to you to check that
23 — 2 is irreducible over Q. Thus, (23 — 2)Q[z], the ideal in Q[z] generated by z3 — 2, is a maximal ideal
in the principle ideal domain Q[z]. There is a a natural surjective ring homomorphism ¢ : Q[z] — Q(+¥/2),
defined by ¢(g(x)) = g(v/2). Since 2> — 2 belongs to the kernel of ¢ and generates a maximal ideal, this
ideal must be the kernel of ¢. Therefore, Q(3/2) = Q[z]/(2® — 2) is a field. Another way to see that Q(+/2)
is a field would be to use the division algorithm (or more properly, the Euclidean algorithm). If o € Q(+/2),
a = g(v/2), for some g(x) € Q[r] having degree two or less. Thus, g(x) and x> — 2 are relatively prime
polynomials. By the Euclidean algorithm, there exist a(z), b(z) € Q[z] such that 1 = a(z)g(x) +b(x) (x> —2).
Substituting z = /2, we have 1 = a(3/2)g(¥/2), which shows that o = g(4/2) has a multiplicative inverse,
and so Q(+v/2) is a field.

Now suppose that 7 is an automorphism of Q(+/2) fixing Q. As before, we have
0=7(0) = ((V2)* - 2) = (7(V2))* = 7(2) = (7(V2))* - 2,

which shows that 7(v/2) € Q(+/2) is a root of 2 — 2. However, 2° — 2 has just one real root, and therefore
only one root in Q(+/2). To see this, if we set € := e“5", then €3 = 1. Moreover, (¢2)3 = 1. It follows that
the three roots of 23 — 2 are: \3/§7 \Eﬁe, /262, Since €, €2 are not real numbers, the roots 2¢ and /262 are
not real. It follows that the only automorphism of Q(+/2) fixing Q is the identity automorphism. Thus, the
Galois group of 23 — 2 over Q is the identity, and its order equals the number of roots of 23 — 2 in Q(V/2).
On the other hand, in this case, the order of the Galois group is not equal to the degree of the extension
QcQ(V2).

To summarize: In each of the examples above, we started with an irreducible polynomial p(z) with
coefficients in a field F' and we created a field extension F' C F'(«), where « is a root of p(x). We then
associated to this extension a finite group (the Galois group) which has the property that the order of this
group equals the number of roots of p(x) in the field F(«). Thus this group reflects an algebraic property
of the extension. This fact holds in general, and is a key point in our development of Galois theory. Finally,
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extensions F' C F(a), like Examples 1.1 and 1.2, with the property that the degree of the extension equals the
order of the Galois group (i.e, Galois extensions) exhibit many more connections between the extension and
the corresponding Galois group. These connections are elucidated by the Galois Correspondence Theorem,
which is the main goal of the first part of the course.

Lecture 2: Wednesday, August 25. In this lecture we prove the following proposition which establishes, in
general, the points mentioned in the summary of the last lecture.

Proposition 2.1. Let F be a field and f(x) € Flx] an irreducible, monic polynomial of degree d. Let o be a
root of f(x), with o € K, a field containing F. Set F(a) := {ag + a1a+---+aqg_10%1 | ag,...,aq_1 € F}
and let [F(«) : F| denote the dimension of F(«) as a vector space over F. Then:
(i) F(«) is a field. In fact, it is the smallest subfield of K containing F' and «.
(i) [F(@): F]=d.
(iii) Let F' C L be an extension of fields and o : F(a) — L a field homomorphism fixing F'. Then o(«)
is a root of f(x).
(iv) The number of field homomorphisms from F(«) — L fixing F equals the number of roots of f(x) in
L. In particular, the number of automorphisms of F(«) fixing F' equals the number of roots of f(x)
in F(a).
(v) The number of automorphisms of F(«) fixing F is less than or equal to [F(«) : F].

Before giving a proof of Proposition 2.1, we need a few preliminary remarks.

Remarks 2.2. (a) Let K; and K5 be fields. The map o : K1 — K» is a field homomorphism if for all
a,f € Ky, o(a+ ) =0(a)+0(B) and o(af) = o(a)o(B). The following properties of o are easily checked:
(i) 0(0) =0and (1) = 1.
(ii) o(—a) = —0o(a) and o(a™!) = o(a)7?, for all @ # 0 in K;.
These properties have the following important consequence: Any field homomorphism ¢ is one-to-one. To
see this, suppose o(a) =0, with € K. If o # 0, then

l=0(1)=c(aa™)=c(a)o(a™) =0-0(a™t) =0,
a contradiction, so & = 0. Since ¢ is a homomorphism, this shows ¢ is one-to-one.

(b) For a field F', we will need some standard properties of the polynomial ring F[z] with coefficients in F'.
Almost all of the standard properties follow from the division algorithm: Give f(z),g(x) € F[z], there exist
unique polynomials h(z),r(x) € F[z] such that g(z) = f(x)h(x) +r(z), where r(x) is either 0 (in which case
f(z) divides g(x)), or the degree of r(x) is strictly less than the degree of f(z). We will sketch the proof of
this algorithm below, but here are some consequences that follow from it:

(i) The Euclidean algorithm to find greatest common divisors (GCDs). Given f(x) and g(z), a greatest
common divisor is a polynomial d(z) € R|x] of largest degree such that d(x) divides both f(z) and
g(z). To find a GCD, we may assume the degree of g(x) greater than or equal to the degree of f(x)
and write g(x) = f(x)h(x) 4+ r(z) according to the division algorithm. If r(z) = 0, then f(z) divides
g(x) and f(x) is a GCD. If not, apply the division algorithm again writing f(z) = r1(z)h1(x)+r2(x),
where r1(z) := r(z) and the degree of ro(z) is strictly less that the degree of r1(z). If ro(x) = 0,
then r1(x) is a GCD of f(x) and r1(x), and hence also a GCD of f(x) and g(x). Continuing this
process, the last non-zero remainder is a GCD of f(z) and g(x). The proof of this is by induction
on the degree of g(z) using the fact that given an expression of the form a = be + d, the pairs a,b
and b, d have the same set of common divisors. Finally, the GCD of f(z) and g(x) is unique, if we
take the greatest common divisor that is a monic polynomial.

(ii) If one uses backwards substitution in the equations generated by the Euclidean algorithm, one
obtains Bezout’s Principle: If d(x) is the GCD of f(z) and g(z), then there exist a(x),b(x) such
that d(z) = a(z)f(z) + b(x)g(z). In particular, if the GCD of f(x) and g(x) is 1, then there exist
a(z),b(x) such that 1 = a(x)f(z) + b(z)g(x)

(iii) Every non-zero, non constant polynomial in F[z] can be written uniquely (up to unit multiples) as
a product of irreducible polynomials in F[x].

(iv) F[z] is a Principal Ideal Domain (PID).



Sketch of proof of the division algorithm. We may assume f(x) does not divide g(x), otherwise there is nothing
to prove. If the degree of g(z) is less than the degree of f(z), then we can write g(z) = f(z) -0+ g(z), which
has the required form. Now suppose g(z) has degree greater than or equal to the degree of f(x). Write
g(x) = ax™ + go(z) and f(x) = ba™ + fo(x), where m is the degree of g(x), n is the degree of f(z) and go(z)
the lower degree terms of g(x) and fo(z) the lower degree terms of f(x). Then

() = L 1) 1 g0(a) — 2o o)),

bym=n f(x) is strictly less than m, the degree of g(x). If m = n, this gives the

where the degree of go(z) — 2
required expression. If m > n, then by induction, we can write go(z) — gxm*”fo(z) = f(x)h(z) +r(z), with
the degree of r(z) less than n. Thus, g(z) = (22™~" + h(z)) - f(z) + r(z), as required.

a

Now, if g(z) = f(x)hi(x) + r1(z) = f(x)ha(x) + r2(z), with both r;(x) having degree less than n, then
ra(x) —ri(x) = f(z)(h1(2) — ha()).

Thus f(z) divides rq(x) — ri(x). Since this latter polynomial has degree less than n, this can only happen
if ro(x) —r1(z) =0, ie., ri(x) = ro(x). But this implies f(z)hi(x) = f(x)ha(z), so hy(z) = ha(z). O

Proof of Proposition 2.1. For part (i), since F(«) is contained in the field K, it suffices to show that F(«)
is closed under addition, multiplication and the existence of multiplicative inverses. F(«) is clearly closed
under addition. Suppose A, B € F(a). Then, by definition, there exist A(z), B(z) € F[z] each having degree
less than d such that A = A(«) and B = B(«). Write A(z)B(x) = f(x)h(x) + r(x), with the degree of r(z)
less than d. Then
A-B = A(a)- B(a) = f(a)h(a) +r(a) =r(a),

which shows that A- B € F(a). If A # 0, then A~ € K. We must see that A~! is a polynomial expression
in o having degree less than d, i.e., A~ € F(«). For this, we note that since A(z) has degree less than d and
f(z) is irreducible, then the GCD of A(z) and f(x) must equal 1. Thus we can write 1 = b(z) A(z)+c(x) f(z),
for b(z),c(x) € Flz]. If b(x) has degree less than d, we substitute £ = a to obtain 1 = b(a)A(«), which
shows that b(«a), which belongs to F(«), is the multiplicative inverse of A. If b(x) has degree greater than d,
we can divide b(z) by f(z) to get a remainder r(x), and then obtain an equation 1 = r(x)A(x) + d(x) f(z)
for some d(x) € F[z]. (Do you see how?) Substituting x = « shows that r(«) € F(«) is the multiplicative
inverse of A. Thus, F(«) is a field. To see that it is the smallest subfield of K containing F' and «, note
that if L is a subfield of K containing Fand «, then since L is closed under addition and multiplication, L
contains all expressions of the form ag + aja 4+ --- + ag—1a% 1, with each aj € F'. Thus, L contains F(a),
which gives what we want.

Lecture 3: Friday, August 27. We continue with the proof of Proposition 2.1.

For part (ii), clearly 1, a,...,a% ! span F(a) as a vector space over F. If these elements were not linearly

independent over F', then some non-trivial linear combination of them would equal zero. Thus, there exists
t(z) in F[z] such that the degree of ¢(z) is less than d and ¢(a) = 0. As in the previous paragraph, we may
write 1 = a(z)t(x) + b(z) f(x), for some a(z),b(x) € Flx]. Substituting = « yields 1 = 0, a contradiction.
Thus, 1,a,...,,a% ! are linearly independent over F' and therefore form a basis for F(a) over F. Hence,
[F(a): F]=d.

For part (iii), suppose o : F(«) — L is a field homomorphism fixing F'. If we write f(x) = Z?:o ag_;ix®,

with ag = 1, then

d
0=0(0) = o(> as-ia®) = Y oas-)(0(a)** = 3 aui(o(@))*~ = f(o(a)),
=0 3

d
=0 i=0
which shows that o(«) is a root of f(z) in L.

In light of part (iii) of the proposition, to prove part (iv), it suffices to prove the following statement. If

B € L is aroot of f(z), then there exists a field homomorphism o : F(a) — L fixing F such that o(a) = .

It turns out that the obvious map works. If A = ag + a1 + - - + ag_1a% ', we define o : F(a) — L by
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o(A) =ay+ a1+ + aqg—1B% 1. Clearly o is additive. To see that o respects multiplication, we use
the notation from part (i), so that given A, B € F(«a), we have A(z), B(z) € F[z] such that A = A(«a),
B = B(a). We also have A(z)B(z) = f(x)h(z) + r(z), with the degree of r(x) less than d. Thus AB = r(«a)
as an element of F(«).

Now, on the one hand, 0(AB) = o(r(a)) = r(8). On the other hand, o(A)o(B) = A(B)B(8) = r(B), so
0(AB) = o(A)o(B). Since o clearly fixes F, o is a field homomorphism fixing F' that takes a to . The
second statement in part (iv) follows immediately from the first statement.

Finally, to see (v), since the number of automorphisms of F(«) fixing F' equals the number of roots of f(z) in
F(a), the number of such automorphisms is less than or equal to d, the degree of f(z). Since d = [F(«) : F],
this finishes the proof. O

We now would like to see how the various ideas presented so far can be applied to more general field
extensions F' C K, rather than just simple extensions of the form F' C F'(«)). We begin with some preliminary
concepts.

Definition-Proposition 3.1. Let FF C K be an extension of fields. For a subset U C K, we write F(U)
for the intersection of all subfield of K containing F' and U. Then F(U) is a subfield of K containing F
and U. Moreover, F(U) consists of all expressions of the form p(u1, ..., un)q(us, ..., uy)"t, for some subset
Uty ..., up € U and polynomials p(x1,...,2n),q(x1,. .., 2,) with coefficients in F and q(uy,...,u,) #0. We
call F(U) the subfield of K generated by U over F.

Proof. Tt is easy to check that F(U) is a subfield of K containing F. For example, if 0 # a € F(U), then
a € E for any subfield of K containing F' and U. But then a=! € E. Since this holds for all E, a~! € F(U).
That F'(U) is closed under addition and multiplication follows in a similar manner.

Now, Let C be the set of all elements in K of the form p(u1,...,u,)q(us,...,u,)"t, for some subset
Ui, ..., u, € U, for some n > 1, and polynomials p(x1,...,2,),q(x1,...,x,) with coefficients in F' and
q(ug,...,u,) # 0. We claim C is a a subfield of K containing F' and U. Suppose this were true. Then, by
definition, F'(U) C C. On the other hand, since U C F(U) and F(U) is a field, any expression in C belongs
to F(U), so C C F(U), and hence C = F(U), as required.

C clearly contains F' and U. To see that it is a subfield of K, it suffices to show that C is closed un-
der addition, multiplication and inverses. Suppose 0 # a € C and a = p(us,...,un)q(us,. .., u,) "%,
for some subset uj,...,u, € U and polynomials p(z1,...,2,),q(x1,...,2,) with coefficients in F and
q(u,...,u,) # 0. Then p(uy,...,u,) # 0, 50 a=t = q(uy,...,u,)p(us,...,u,)"* belongs to C. Suppose
b=c(uy,...,ul,)du),...,ul,)~t € C. Then clearly

/

ab = {p(uy,...,up)e(ul,...,u Y Hq(u,. .. ,u,)d(u),... o/ )}t
and

a+b={dul,...,u ) plus,.. ., up)+qlus,...,up)c,. .. ul ) Hq(ur, ... u)d(y, ... ul,)}*
belong to C, which completes the proof. O

Remark 3.2. Suppose that U = {a} and « is the root of an irreducible polynomial of degree d with
coefficients in F'. Let us note that F'(«) as described in Proposition 2.1 is the same as F'(U) described in
Proposition 3.1. To see this, F/(«) as described in Proposition 2.1, is a subfield of K containing F and a,
and thus contains F(U) as described in Proposition 3.1. On the other hand, F(U) is a field containing F’
and o and thus contains all expressions of the form ag + a1 + - - - + ag_1a%" 1, with the a; € F. In other
words, F(a) C F(U), which gives what we want.

Lecture 4: Monday, August 30.
We now come to one of the most important definitions in this part of the course.

Definition 4.1. Let F' C K be an extension of fields. An element o € K is said to be algebraic over F' if
there exists h(x) € F[x] with h(a) = 0. The extension F' C K is an algebraic extension if every element in
K is algebraic over F'. In this case we also say that K is algebraic over F.



Proposition 4.2. Let F C K be an extension of fields. Suppose o € K is algebraic over F. Then:

(i) There exists a unique monic, irreducible polynomial f(z) € F[z] of least degree satisfying f(a) = 0.
(ii) f(z) divides any g(z) € F|x] satisfying g(«) = 0.
(iii) [F(a): F] =deg f(x).

Proof. For part (i), since « is algebraic over F' the set of monic polynomials in F[z] having « as a root is
non-empty. Thus, by the Well Ordering Principle applied to the set of degrees of such polynomials, there
exists a monic polynomial f(z) € F[z] of least degree with f(a) = 0. Clearly f(x)is irreducible over F,
otherwise, we could write f(z) = a(x)b(z) with a(x),b(z) € F|z], with a(z),,b(x) having degree less than
the degree of f(z). But then 0 = f(a) = a(a)b(a), so that either a(a) = 0 or b(a) = 0, contradicting the
choice of f(x). Thus, f(z) is irreducible over F'. Set d to be the degree of f(z).

For (ii), suppose g(z) € F[z] and g(a) = 0. Then the degree of g(z) is greater than or equal to d. Write
g(x) = f(z)h(z) + r(x), with the degree of r(z) less than d. Setting z = «, we see that r(«a) = 0, which
contradicts the choice of d, unless r(x) = 0. Thus f(z) divides g(z). Now suppose further g(x) is also monic
of degree d. Then, on the one hand, since f(z) and g(x) have the same degree, h(x) must be a constant.
On the other hand, since f(z) and g(z) are monic, this constant must be 1. In other words, f(z) = g(z), so
that f(x)is the unique monic polynomial of least degree in F'[z] having « as a root. Finally, part (iii) follows
immediately from Proposition 2.1.

Definition 4.3. For a € K algebraic over F, the unique monic polynomial f(xz) € Fl[z] of least degree
satisfying f(«) = 0 is called the minimal polynomial of « over F'.

Given an extension of fields, FF C K, the following theorem gives a criterion for an element of a € K to
be algebraic over F'.
Theorem 4.4. Let F C K be an extension of fields. Suppose a,, 5 € K. Then:
(i) « is algebraic over F' if and only if [F(«) : F] < oo.
(ii) If o and B are algebraic over F', then a4 3, a3 and a~! are algebraic over F. Therefore, the set of
elements of K that are algebraic over F' form a subfield of K containing F'.

Proof. For (i), we use F(«) in the sense of Proposition 3.1, since we do not know apriori that « is algebraic

over F. So, assume [F(«) : F] is finite, say [F(a) : F] = e. Then 1,q,...,a° are e + 1 elements in the
e-dimensional vector space F(a) over F. Thus, these elements must be linearly dependent over F. Thus,
there exist ag, ai,...,a. € F, not all zero, such that ag+asa+---+a.a® = 0. In other words, « is algebraic

over F'. Conversely, suppose « is algebraic over F. Then by the previous proposition, « is the root of an
irreducible polynomial in F[z]. Thus, by Remark 3.2, F'(«) takes the form described in Proposition 2.1. In
particular, [F(a) : F] = d, where d is the degree of the minimal polynomial of « over F.

For part (ii) suppose «, 8 are algebraic over and we can show [F(«, ) : F] < co. Since F(a + ), F(af)
and F(a~1) are contained in F(a, 3), each of these subfields are finite dimensional over F, and thus by (i)
above, a + 3, a3 and a~! are algebraic over F. The second statement in (ii) follows immediately from this.

To see that F(a, ) is finite dimensional over F', let’s first note that by Definition 3.1, F(«, 8) = F(a)(8).
Since f3 is algebraic over F, it is clearly algebraic over F'(«). Thus, F'(«)(f) is finite dimensional over F'(«).
Let uy, ..., u, be a basis for F(a) over F (since « is algebraic over F) and vy, ..., v, be a basis for F(a)(8)
over F(a). We will be done if we show that the finite set {u;v;} spans F(a)(8) over F. Let v € F(a)(5).
Then v = 3772 | ajvj, for some a; € F(a). For each 1 < j < m we can write a; = Y a;;u;, with each
a;; € F. Substituting these expressions into the equation for v, we have

m m o n m n
v= Zaﬂ’j = Z(Z iUV = Z Zaijuivj,
Jj=1 Jj=1 i=1 j=114=1
which shows that the set {u;v;} spans F(«)(8) = F(a, 3), which completes the proof. O

Corollary 4.5. Let F' C K be an extension of fields. If [K : F] < oo, then K is algebraic over F.

Proof. Given any o € K, F C F(«a) C K, and thus [F(«) : F] < co. Thus, by Theorem 4.4, « is algebraic
over F'. 0
6



Example 4.6. Suppose we have a field extension F' C F(«), where « is algebraic over F. It follows from
Corollary 4.5 that every element of F(«) is algebraic over F. Given 8 € F(«), here’s how we can find a
polynomial in F[z] with 8 as a root, using the example Q C Q(+/2). Suppose we take § = 1 + 23/2 4 3V/4.
We now consider the equations:
B-1=1+2V2+3V4
B-V2=06+V2+2V4
B-VA=4+6V2+ V4

Viewing these equations as a system of equations, we may rewrite them as a matrix equation
1-p8 2 3 1 0
6 1-8 2 |-|¥2|=]0
4 6 1-p5 V4 0
1
The vector | ¥/2| is a non-trivial solution to the system

V4

1-p8 2 3 T 0
6 1-p 2 y| =10
4 6 1-p z 0
1-p 2 3
Thus, the determinant of 6 1-p 2 equals zero. This gives an equation of degree three having
4 6 1-6

3 as a root. In particular, 3 is a root of g(z) := x* — 322 — 33z — 89. Note that since the [Q(3/2) : Q] = 3,
a prime, Q(8) = Q(+/2) (see Corollary 5.3 below) so that [Q(8) : Q] = 3 and thus g(x) is the minimal

polynomial of 8 over Q. |
In general, if FF C K is a finite extension and vq,...,v, € K is a basis for K over F, then for any
B € K, rewriting the products Sv; as linear combinations of v1,...,v, yields a homogeneous system of

linear equations as in the example above. The determinant of the coefficient matrix then gives a polynomial
g(x) with coefficients in F' of degree n having 3 as a root. However, g(z) need not be the minimal polynomial
of B over F.

In the last paragraph of the proof of Theorem 4.4, it is also the case that the set {w;v;} is linearly
independent over F'. This fact, together with the last paragraph of the proof of Theorem 4.4 yields the
multiplicative property of the degrees of extensions, to be seen in the next lecture.

Lecture 5: Wednesday September 1.

Proposition 5.1. Let FF C K C L be extensions of fields. Then [L : F| is finite if and only if [K : F] and
[L : K] are finite, in which case [L: F]=[L: K] [K : F].

Proof. Suppose uq,...,u, € K are linearly independent over F' and vy, ...,v,, € L are linearly independent
over K. We claim that the set {u;v;} is linearly independent over F'. Suppose the claim is true. Then if
[K : F| and [L : K] are finite, and we take {u;} to be a basis for K over F and {v;} to be a basis for L over
K, then the claim and the fact that the vectors {w;v;} span L over F (see the proof of Theorem 4.4) show
that the set {w;v;} is a basis for L over F. Thus [L : F] is finite and [L : F] = [L : K] - [K : F]. Conversely,
if [L : F] is finite, then [K : F)] is finite, since K is a subspace of L, as vector space over F. Moreover, any
set that spans L over F' automatically spans L over K, so [L : K] must also be finite. Therefore, it remains
to prove the claim.

Suppose Zj >, aijuv; = 0, with each a;; € F. Then

0=>" Zaijuwj = Z(Z Ui )V

J J
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Since each ), a;ju; belongs to K and {v;} is linearly independent over K, each ) . a;u; = 0. Thus all
a;j = 0, since the set {u;} is linearly independent over F', which gives what we want. (Il
Corollary 5.2. Let F' C K be an extension of fields.

(i) If [K : F] is a prime number, then there are no intermediate fields between F' and K.
(ii) If aq,...,as € K are algebraic over F, then [F(aq,...,a5) 1 F] < c0.
Proof. Part (i) follows immediately from Proposition 5.1.

For (ii), we have an extension of fields F C F(a1) C F(ay,a2) C -+- C F(ay,...,as). The degree of each
simple extension F'(a1,...,a;) € F(aq,...,q;41) is finite. Thus, by Proposition 5.1 and induction on s, we
have that

[F(ag,...,as: F] =[F(aq): F]- [Flag,a2) : Flaq)] - [Flaq,...,a5) : F(ag,...,as—1)] < oo,
which gives what we want. O
The next result can be considered a generalization of Proposition 5.1.

Theorem 5.3. Let F C K C L be an extension of fields. Then L is algebraic over F if and only if L is
algebraic over K and K is algebraic over F.

Proof. If L is algebraic over F', then clearly L is algebraic over K and K is algebraic over F'. Now suppose
K is algebraic over F' and L is algebraic over K. To see that L is algebraic over F', by Theorem 4.4, it is
enough to show [F(a) : F] < oo, for any « € L.

Since « is algebraic over K, let f(x) = 2" +a;2"~! + --- + a, be the minimal polynomial of o over K, so
that each a; € K is algebraic over F. Then by Corollary 5.2, [F(a1,...,a,) : F] < co. On the other hand,

« is algebraic over F(aq,...,a,) and thus [F(ay,...,a.,«): F(a1,...,a,)] < co. Thus,
[F(a1,...,ar,@): F] =[F(a1,...,ar, @) : Flay,...,a.)] - [F(a1,...,a,) : F] < .
Since F' C F(«) C F(aq,...,ar, @), [F(a) : F] < oo, and the proof is complete. O

Lecture 6: Friday September 3. Thus far, we have worked with roots of polynomials that were assumed
to exist. We now want to show that given a field F' and a polynomial g(z) € F[x], there exists a field K
containing F' and a € K such that g(a) = 0. Note that this requires not only the construction of a root of
g(x), but also a field containing the root. After all, a root does not exist just floating in space. The standard
way of doing this, is to use the fact that F[z] is a PID. The proof runs as follows. One first takes f(z),
a monic, irreducible factor of g(z). Any root of f(x) is a root of g(z), so one just has to construct a field
containing a root of f(z). Since f(x) is irreducible over F', the ideal (f(z)) of F[z] generated by f(z) is a
maximal ideal, and hence K := F[z]/(f(x)) is a field. F is identified as a subfield of K via the map a@ — @,
the residue class of « in F[z]/(f(z)), for all « € F. This map is easily seen to be an isomorphism of fields.
Finally, under this identification, we have f(Z) = f(z) = 0 in F[z]/(f(z)) = K. Thus, 7 in K is a root of
f ().

The proof of the construction of K and a we give below is more explicit and is almost identical to the proof
that F(«) is a field, when we have a known root a. And why not: After K and « have been constructed,
we can then form F(a).

Proposition 6.1. Let F' be a field and f(x) € F[z] be a polynomial. Then there exists a field K containing
F and a € K such that f(a) = 0.

Proof. We begin by noting that we may assume that f(z) is irreducible over F'. Indeed, if not, let g(z) be
an irreducible factor of f(x). If K is an extension of F' containing a root « of g(z), then « is also a root of
f(z). Thus, without loss of generality, we may assume f(x) is irreducible over F. Let d denote the degree
of f(x), let z be another indeterminate and set K to be the set of all polynomials in z having degree less
than d. Thus, a typical element in K has the form ag + a1z + - - - + aq_12%" with each a; € F. Note that
K is clearly closed under the usual addition of polynomials. However, K is not even a ring, since it is not
closed under multiplication of polynomials. So we endow the set K with a new multiplicative structure that
turns K into a field. What multiplication should we impose on K7 Answer: The exact same multiplicative
structure F'(«) would have if we already had a root « of f(x)!
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So, for A=ag+aiz+ - +ag_12%tand B=by+b1z+---+bg_12%1 in K, we define A- B in K to be
R=cy+ci1z+ - +cq_12%!, where R is the remainder obtained by applying the division algorithm to the
polynomial product AB, i.e., in F[z], AB = h(z)f(z) + R, where R is either zero or has degree less than d.
Note that the product A - B in K is well defined, since the remainder obtained from the division algorithm
is unique.

Now, we must demonstrate that with this multiplication, the sum and product defined above satisfy the
field axioms. Most of these properties will be inherited from F[z]. First of all, it is clear that addition is
commutative and associative, that 0 is the additive identity and that if A € K, then —A is the additive
inverse of A. Moreover, it is clear that A- B = B - A, since multiplication of polynomials is commutative.
Furthermore, 1 € K is easily seen to be the multiplicative identity. The distributive property is also not to
hard to see. If A, B,C € K, then in F[z], if we write AB = f(2)h(z) + R(z) and AC = f(z)h1(z) + R1(z),
then in K, A-B = R(z) and A-C = Ry(z), thus, A- B+ A-C = R(z) 4+ R1(z). On the other hand, in F[z],

A(B+C)=AB+ AC = f(2)h(z) + R(2) + f(2)h1(2) + R1(2) = (h(2) + h1(2) f(z) + (R(2) + R1(z)).

Since the degree of R(z) + Rj(2) is less than d, and remainder are unique, this shows that
A-(B+C)=R(2)+Ri(z)=A-B+A-C,

which gives what we want.
Now, suppose A as above is not zero. Since A and f(z) are relatively prime in F[z], there exist C(z), D(z)
in F[z] such that 1 = AC(z) + D(2)f(z) in F[z]. As we saw in Lecture 2, we may assume C(z) has degree
less than d. This yields, AC(z) = (—D(z))f(z)+ 1. Since the remainder in the division algorithm is unique,
this last equation shows that in K, A-C(z) = 1. Thus, A has a multiplicative inverse.

To see the associative property of multiplication, let A, B,C' € K. In what follows, r(z),r1(z),r2(2),r3(2)
in F[z] all have degree less than d, and thus also belong to K. Write, AB = f(2)h(z) + 7(z), so that in K,
A - B = r(z). Now write r(2)C = f(2)h1(2) + r1(z). On the one hand, this give (A- B)-C = ry(z) in K,
while on the other hand, in F[z], we have

(AB)C = f(2)Ch(z) + Cr(z) = f(2){Ch(2) + h1(2)} + r1(2).
We now write BC' = f(z)ha(z) + r2(2), so that in K, B-C =ry(z). In F[z], we then write

Ary(2) = f(2)hs(z) 4+ 73(2).
On the one hand, in K this gives A - (B - C) = r3(z), while on the other hand , in F[z] we have
A(BC) = Af(2)ha(z) + Ara(2) = Af(2)h2(2) + f(2)h3(z) + 13(2) = (Aha(2) + hs(2) f(2) + 13(2).
Since A(BC) = (AB)C, uniqueness of remainders in the division algorithm gives r1(z) = r3(z). Therefore
(A-B)-C=A-(B-C)in K. in K. Thus, with the given operations, K is a field containing F. Note
that if a,b € F, ab = 0+ f(z) + ab, in F[z], which means that a - b in K equals ab in F. In other words,
the multiplication in K restricts to the multiplication in F', meaning that F' is a subfield of K. Moreover, if

a € F and B € K, then a - B = aB, since in F[z], aB = 0- f(z) + aB. This shows that the product of an
element in F' with an element in K under the new product is that same as the old.

We now note that z € K is a root of f(x).

Suppose f(x) = 2%+ ug_12%7! +--- + up. We first note that in K, an i-fold product of z with itself is the
same as 2% in F[z], if i < d. This follows since in F[z], z' = 0 f(z) + 2. On the other hand, for the d-fold
product of z with itself in K, we note that in the polynomial ring F'[z] we can write

2P =1 f(2) + (—ug_12%7 — - —up).

d—1

Thus, in K, 2% = —ug_1 - 2 — -+ — ug, which gives

0=2tug1- 277+ Fup = f(2),

in K. In other words, z, as an element of K, is a root of f(z). Thus, K is a field containing F' containing a
root of f(z). We may relabel z in K as «, and upon doing so, it is not hard to see that K = F(a). O
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We now have the following: Given a field F', and a polynomial g(x) € F[z], there exists a field K containing
F and o € K such that g(a) = 0. Thus, g(z) = (x — a)h(z), for some h(z) € K[zx]. We may now
repeat the process on K and h(z), to find a field L containing K and 8 € L such that h(8) = 0. Thus,
g(x) = (v — a)(x — B)t(x), for some t(z) € L[z]. It follows that there exists a field E containing F' and
a1, ...,Qn, not necessarily distinct, such that g(x) = (x — 1) -+ - (x — a,,), where n is the degree of g(z).
This leads to the following definition.

Definition 6.2. Let F be a field and g(z) € F[z] a polynomial of degree n. Let FF C K be an extension of fields.
We say that g(x) splits over K, if there exist aq,...,a, € K, such that g(z) = (x — ay) -+ (z — ). The
subfield F := F(ay,...,a,) is called a splitting field of g(x) over F.

Lecture 7: Wednesday, September 8. Now that we can construct a field containing all of the roots of a given
polynomial, we want to see that we can construct a field containing all of the roots of all of the polynomials
in F.

Definition/Proposition 7.1. (i) A field Q is said to be algebraically closed if the following equivalent
conditions hold.

(a) Every non-constant polynomial in [x] has a root in Q.
(b) Every non-constant polynomial in Q[z] splits over 2.
(c) There are no algebraic extensions of ).

(ii) Given a field F, a field F containing F is an algebraic closure of F, if F is algebraically closed and
algebraic over F'.

Proof of (i). Suppose f(z) € Q[z] is a non-constant polynomial. We proceed by induction on the degree of
f(z). If the degree of f(x) is one, there is nothing to prove. If the degree of f(x) is greater than one, by
(a) there exists a € Q such that f(a) = 0. Thus, f(z) = (x — a)g(z) with g(z) € Q[z]. By induction, g(z)
splits over Q, so f(z) splits over Q. Thus, (a) implies(b). Suppose (b) holds and K is an algebraic extension
of Q. Let o € K, and suppose f(z) is the minimal polynomial of a over Q. Then, f(z) is irreducible over
Q. On the other hand, f(z) splits over Q, by (b), which gives a contradiction, unless f(z) has degree one.
But then, this means a € 2. Thus, K C  and therefore there are no algebraic extension of 2. Finally, for
(c) implies (a), take f(x) € Q[z]. Then by Proposition 6.1, there is a field extension Q C K and « € K such
that f(a) =0. But Q(«) is an algebraic extension. By (¢), Q(a) = Q, so a € Q, which is what we want. O

Remark 7.2. We will show later in the semester that C is an algebraically closed field. Since C is algebraic
over R, this means that C is an algebraic closure of R. Every field has an algebraic closure, even Z,. For
any field F', F[z] has infinitely many irreducible polynomials, and it follows from this that any algebraically
closed field must be infinite, even an algebraic closure of Zs. However, an easy set-theoretic argument shows
that an algebraic closure of a finite (or countable) field must be countable. ]

Lecture 8: Friday September 10. We now want to show that every field F' has an algebraic closure. The proof

below is due to E. Artin, and is a clever generalization of the proof that F[z]/(f(z)) is a field containing
a root of the irreducible polynomial f(z). The proof below implicitly uses Zorn’s Lemma. In case you are
not familiar with Zorn’s lemma, a brief exposition has been added to the Supplementary Material folder. In
particular, this exposition gives a proof showing that if R is a commutative ring and I C R is an ideal, then
there exists a maximal ideal M C R containing I (as done in the previous class). We will use the fact that,
in a commutative ring R, an ideal M C R is maximal if and only if R/M is a field.

Theorem 8.1. Let F' be a field. Then F has an algebraic closure.

Proof. For each f(X) € F[X], introduce a separate variable X. Let R denote the polynomial ring in the
collection of variables {X | f € F[X]}. Recall that the polynomial ring in an infinite collection of variables
is just the set of polynomials in finitely many of the variables at a time. Let J denote the ideal of R generated
by {f(Xy) | f € F[X]}. We claim that J is a proper ideal of R. Suppose this were not the case. Then,
1 € J, so there exists an expression of the form

l=g1-filXg)+ g2 fo(Xp) + -+ 94 fa(X5,),

where, each g; € R and f;(Xy,) € J. Note, we have note written out the variables appearing in each g;. Now,
let K be a field containing a root «; of each f;(Xy,). There is no problem finding K, we could simply take K
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to be the splitting field of the product of the f;(X,). Now the g; in the equation above may involve variables
other than the Xjy,, but all together, they involve only finitely many variables. Thus, we may substitute for
the variables in the equation above as follows : Set each X, = o; and all the remaining variables equal to
zero. This yields, 1 = 0, the desired contradiction. Therefore, J is a proper ideal.

Now, let M C R be a maximal ideal containing J (such an ideal exists by Zorn’s Lemma), and let K;
denote the field R/M. We identify F' as a subfield of K; in the natural way, namely, A € F' corresponds to
the residue class in K7 of the constant polynomial A\. Then as in the case of a single polynomial, for each
f(X) € FIX], f(X;) = f(X;) =0 in K;. Thus, K; is a field containing F having the property that every
polynomial in F[X] has a root in K;. We may now apply the construction to K; and obtain a field Ky
having the property that every polynomial in K7[X] has a root in Ks. It follows that every polynomial in
F[X] has at least two roots in K5 (assuming its degree is at least two). We therefore obtain a tower of fields
F C Ky C Ky C --- whose union is a field K. Note, a union of fields need not be a field, but a directed
union of fields will be a field. By design, every polynomial in F[X] splits over K. In fact, for each K;, every
polynomial in K;[X] splits over K, since the construction starting at K; is the same as the one starting at F'.
Since any polynomial in K[X] belongs to K;[X] for some i, it follows that every polynomial with coefficients
in K splits over K, i.e., K is an algebraically closed field.

To finish, let F denote the elements in K algebraic over F and consider h(X) € F[X]. Then h(X) splits
over K (since h(X) € K|[z]). But the roots of h(X) are algebraic over F and therefore algebraic over F'.
Thus the roots of h(X) belong to F. In other words, h(X) splits over F, so F is algebraically closed. Since
F is algebraic over F, F is an algebraic closure of F. |

Remarks 8.2. (i) The proof above uses the set theoretic fact that the union of sets always exists as a set
and the fact that a directed union of fields is a field. If K7 C K, C --- is a directed union of fields, this
means that for all ¢ < j, the binary operations on K; are just the restrictions of the binary operations on
K; to K;. In other words, K; is a subfield of Kj, for i < j. Thus, if o, § € K := |J, K;, then o, f € Kj,
some j, and we may unambiguously apply the binary operations of K; to o and 3 to get the sum, product,
inverses, etc, of & and (3 as elements of K. In other words, Kis a field.

(ii) Regarding the proof of Theorem 8.1. It is not difficult to see that, in fact, K = F, since each Kj;, and
thus K, is algebraic over F'. However, R. Gilmer has shown that K; is already equal to F'!

(iii) Using the notation from the proof of Theorem 8.1, strictly speaking, though F' C R, an isomorphic copy
of F is contained in Ky = R/M. So that the algebraic closure constructed above is an algebraic closure of
an isomorphic copy of F. To remedy this, one can proceed as follows. Suppose F} is an isomorphic copy of
F and ¢ : F; — F is a field isomorphism. Let F; be an algebraic closure of ;. Let T be a set containing
F having the same cardinality as Fy, and take 7 : F; — T a 1-1 and onto set function such that 7 extends
¢. For a,b € T, define ab := 7(7(a)771(b)), a + b := 7(t71(a) + 771(b)). Then is it not difficult to check
that with these operations, T is a field and 7 is a field isomorphism from F; to T extending ¢. If we now
call this new field F, it follows that F is an algebraic closure of F.

Lecture 9: Monday September 13. Now that we know algebraic closures exist, we want to show that given
a field F', any two algebraic closures of F' are isomorphic via a field homomorphism fixing F'. For this, in
the next lecture we will prove a slightly more general result concerning isomorphic splitting fields. We start
with a quick review and discussion of some basic facts we will use below.

Review. Let F' C K be an algebraic extension of fields.

(i) If a1,...,a, € K, then every element in F(a1,...,q,) is a polynomial expression in «aq,...,a,
with coefficients in F. In fact, if [F(a1,...,0;) : F(aq,...,q;—1)] = d;, for each 1 < i < n, then a
basis for F'(a1,...,a,) over F is the set of monomial expressions af* - - agr such that 1 <e; < d;.
This follows by iterating Proposition 2.1, since each F(aq,...,q;) is obtained by adjoining «; to
F(O[l, SN 5041'—1)-

(ii) Suppose U C K is a (not necessarily finite) subset. If 8 € F(U), then there are finitely many elements
U1,y ...,u, € U and a polynomial h(z1,...,x,) with coefficients in F' such that § = h(uq,..., u,).

To see this, we use Proposition 3.1 to find u1, ... u, € U such that 8 = p(u1, ..., un)q(us, ..., un) "1,
with p(x1,...,2n),q(21,. .., z,) polynomials with coefficients in F'. Thus, 5 € F(u1,...,u,). There-
fore, the required h(xq,...,x,) exists by part (i).
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(iii) From problem 7 on Homework 1, we have the following. Suppose F C K and Fy C K are field
extensions, o : F' — Fp is a field isomorphism and f(xz) € F|x] is irreducible over F. If we set
fo(x) = fo(x), then fo(x) is irreducible over Fy. Let @ € K be a root of f(x) and ag € Ky be a root
of fo(z). Then there exists an isomorphism of fields 7 : F(«) — Fy(c) such that 7(a) = ag and 7
restricted to F equals o.

Proposition 9.1. Let F C K be an algebraic extension of fields. Suppose ¢ : F' — L is a field homomorphism
with L an algebraically closed field. Then there exists o : K — L, a field homomorphism extending ¢.

Proof. The proof will use Zorn’s Lemma. We will also use the fact that field homomorphisms are always one-
to-one. Let C denote the partially ordered set {(E, p)}, where F is a field between F and K and p: E — L is
a field homomorphism extending ¢. The partial order on C is given as follows: (E1,p1) < (Ea,p2) if E1 C Ey
and ps restricted to Ey equals p;. We first note that C is not empty, since (F, ¢) belongs to C.

Let £ = {(E;, pi)}ier be a chain in C. We must show that £ has an upper bound in C. Set E := = Uier Ei
Since £ is totally ordered, an argument similar to what we have seen before shows that E is a field, and
hence an intermediate field between F and K. We define p: E — L as follows. Take z € E. Then z € E;
for some ¢ € I. Set p(z) := p;(x). We need to see that p is well defined. Suppose z € E;, for some j € I.
We must show p;(z) = p;(z). But this is clear from the definition of the partial order on C, since £ is a
chain. For example, if E; C E;, then since p; restricted to E; is p;, we have p;(z) = p;(z). Thus, p is well
defined. Note that by deﬁmtlon p extends ¢, and therefore (E, 5) belongs to C. Finally, for (E;, p;) € &,
we clearly have E; C E and the restriction of j p to E; equals p;, by definition of p, so that (E;, p;) < (E p).
Thus, (E, p) is an upper bound for the chain &.

Therefore, by Zorn’s Lemma, C has a maximal element, (K’,0). If K’ = K, the proof is complete. Suppose
K' ¢ K. Take a € K\K' and let f(X) be the minimal polynomial for o over K’. If we set o(K') := K,
then K} C L is a field isomorphic to F and f(X) corresponds via o to a polynomial fo(X) € K{[X]. It is not
too difficult to show that fy(x) is irreducible over K| ﬂ Since L is algebraically closed, it contains a root /3 of
fo(X). Thus, item (iii) from the Review above shows that there exists field isomorphism p from F := K'(«)
to Ey := Fo(ag) C L extending o. Therefore, (F,p) € C and is not equal to (K',¢), contradicting the
maximality of (K’, o). Thus, K’ = K and o is the required field homomorphism. |

Remark 9.2. The required isomorphism of algebraic closures follows almost immediately from the propo-
sition above. We sketch the proof of this and reserve a more formal proof for the isomorphism of splitting
fields in the next lecture. Let F be a field and F; and F5 algebraic closures of F'. To see that there is a field
isomorphism from F; to Fy that fixes F, we apply the previous proposition with X = F; and L = F5. Let
¢ : F — I, be the identity map. Then, by Proposition 9.1 there exists a field homomorphism o from Fj to
F, extending ¢. Since ¢ is the identity map, this means that o fixes F. Since any field homomorphism is
automatically one-to-one, we must show o is onto. Let 3 € F; and write f(x) for the minimal polynomial of
B over F. Let d be the degree of f(z). Since F} is algebraically closed, there exist a,...,aq € F; such that

f(@) = (@ —ai)-(z - aq)
in F[x]. Because, o is the identity on F, we have f7(x) = f(z). On the other hand, one can also show that
f(@)=(z—0o(ay)) - (z—o(ag)) € Falx]. Since B € Fy is a root of f(z), we must have 3 = o(a;) for some
i, showing o is onto.

Lecture 10: Wednesday September 15. In this lecture we will see that two algebraic closures of the same
field are isomorphic. To do this, we will prove a slightly stronger result for splitting fields. Splitting fields
play an important role in Galois Theory.

Definition 10.1. (i) Given any set S of non-constant polynomials in F[z], if we fix an algebraic closure F
of F', then all of the roots of the polynomials in S belong to F', and we can therefore adjoin them to F. We
call the resulting field the splitting field of S over F'. Note that if S is a finite set of polynomials, then the

3Note that fo(z) is obtained by applying o to the coefficients of f(z). If we write f°(z) for this polynomial, then one can
show that the map ¢ : K'[z] — K{[z] defined by 1 (g(x)) = g% (x) is an isomorphism of rings. It follows from this that fo(x) is
irreducible over K|
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splitting field of S is just the splitting field of the single polynomial obtained by taking the product of the
elements in S. More generally we have, the following definition.

(ii) Let F' C K be an algebraic extension of fields. We say that K is a splitting field over F' if K is the
splitting field for some subset S C F[x]. In other words, if U C F is the set of roots of the polynomials in
S, then K = F(U). O

NOTE. Let f(z) € F[x] and suppose ¢ € F is the leading coefficient of f(z). The f(z) splits over a field K
if and only if % - f(z) splits over K. Thus, we may safely assume that, whenever we have a splitting field K
for a set of polynomials S C F[z], all of the polynomials in S are monic.

Examples 10.2 (i) Let f(z) = 22 — 2 € Q[z]. The the roots of f(z) are +1/2. Tt follows that the splitting
field of f(x) over Q is Q(£v/2) = Q(v/2).

(i) Let g(z) = 2 — 2 € Q[z], take V/2 to be the real cube root of 2. Let € = e, a primitive cube root of
1. Note that € = 1 and (€2)® = 1, for €2 = ¢"5 . It follows that /2, ¥/2¢, and ¥/2¢2 are the roots of g(z).

Thus Q(V/2, V/2¢, v/2¢2) = Q(V/2, €) is the splitting field of g(x) over Q.

27i

(iii) Let h(z) = 2™ — 1 and set v := e n . Then 1,7,+%,...,74" ! are distinct complex numbers and " = 1,
for all i. Thus, 1,7,...,74" ! are the distinct roots of h(z), therefore Q(v,...,7" 1) = Q(y) is the splitting
field of h(z) over Q.

(iv) Let S C Q[z] denote the set of polynomials 2% — n, where n € T, the set of positive square-free integers.
Then the splitting field for S over Q is Q(U), where U := {/n | n € T'}.

Lemma 10.3. Let F be a field with algebraic closure F. Suppose S C F[x] is a set of non-constant
polynomials and F C Ky, Ky C F are splitting fields for S over F. Then K| = K.

Proof. This is basically clear, since any polynomial of degree n cannot have more than n roots in . More
explicitly, let K1 = F(U) and Ky = F(V) be as in the definition above. Take v € U and f(z) € S with
f(u) = 0. Suppose f(z) € S has degree n. Then over F' we may write

(z—u)(@ —ug) - (2 —up) = f(2) = (x —v1) - (& —vn),

with u; € U and v; € V. Upon setting x = u, the left hand side of the displayed equation equals zero, so
the right hand side equals zero as well. This shows that v = v; for some j. Thus v € V. Therefore U C V.
By symmetry, V C U, so V = U, and thus K; = K. O

Theorem 10.4. Let F C K be an algebraic extension. Assume K is contained in the algebraic closure F of
F. The following are equivalent:

(i) K is a splitting field over F.
(ii) If f(z) € F[z] is irreducible and has a root in K, then f(z) splits over K.
(iii) If 0 : K — F is a field homomorphism fixing F, then o(K) = K.

Remark 10.5. Note that the theorem above shows that if K is the splitting field for the set of polynomials
S C Flz], and f(x) € Flx] is irreducible, then even if f(z) is not in S, f(z) splits over K, as long as it has
at least one root in K. O

Proof of Theorem 10.4. We start with (i) implies (iii). Assume K = F(U) is a splitting field for the set
S C F[z] and suppose o : K — F is a field homomorphism fixing F. If we show that o(K) C F is a
splitting field for S over F', then o(K) = K, by the previous Lemma, which is what we want. Let f(z) € S
and write f(z) = 2" 4+ c;2™ ! + .-+ + ¢, with each ¢; € F. Then there exist ui,...u, € U such that
f@)=(x—uy) - (x — up). It follows that
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c1=—(ur + - +up)

Cy = E U;Uj

i<j

Applying o to these equations, we get
¢ =—(o(ur) + - +o(un))
ca =Y o(u)o(uy)

1<J

en=(=1)0(u1) - o(un).

Thus, in F[z], f(z) = (x — o(u1)) -+ (x — o(uy)). This shows that F(o(U)) is a splitting field for S over F.
Since o fixes F', we have o(K) = F(o(U)), showing that o(K) is a splitting field for S over F', which is what
we want.

To see that (iii) implies (ii), suppose f(z) € F[z] is irreducible over F' and has a root a € K. Let o’ € F be
any other root of f(z). By Proposition 2.1, there exists a field isomorphism ¢ : F(a) — F(o’) fixing F, such
that ¢(a) = o/. We may regard ¢ as a field homomorphism from F(a) to F. By Proposition 9.1, we may
extend ¢ to a field homomorphism ¢ : K — F. By assumption, o(K) = K. In particular, o/ = ¢(a) € K.
Thus, K contains all of the roots of f(z), so f(z) splits over K.

Finally, if we assume (ii), let 8 € K and write fg(x) for the minimal polynomial of 8 over F. Let Ug, denote
the set of roots of fg(z), so that by assumption, Ug belong to K. If we set U := [J5 U, as (3 ranges over
K\F, we clearly have that K = F(U) is a splitting field for the set of polynomials { fz(z)}, which completes
the proof. O

Corollary 10.6. Let F be a field and S C F[z]| be a set of non-constant polynomials. Assume that K; and
K5 are two splitting fields for S over F. Then there exists a field isomorphism o : K1 — Ko that fixes F'. In

particular, if Fi and Fy are algebraic closure of F, then there exists a field isomorphism o : Fi — F; fizing
F.

Proof. If K1 # Ko, it follows from Lemma 10.3 that K; and K5 are contained in two different algebraic
closures of F, say Fy and F; respectively. Let ¢ : F — F C F, be the identity map. By Proposition 9.1, there
exists a field homomorphism o : K — F; extending ¢. Thus, o fixes F. The same proof of (i) implies(iii)
from Theorem 10.4 shows that o(K;) C Fy is a splitting field of S over F. By Lemma 10.3, 0(K;) = K». In
other words, o is the required isomorphism. The second statement follows immediately from the first, since
Fy and F; are splitting fields over F of the set of all non-constant polynomials in F/[z]. a

Example 10.7. Theory versus computation: Consider the polynomial f(x) = 23 —3z+1, which is irreducible
over Q. Let a € R be a real root. Then it is easy to check that a? — 2 is also a root of f(z). Since f(x)
has two roots in Q(«), its third root also belongs to Q(«). Thus, Q(«) is the splitting field for f(x) over Q.
Now consider 8 := 1+ «. If we let g(z) denote the minimal polynomial of 8 over Q, then, by Theorem 10.4
above g(x) splits over Q(a). Arguing as in Example 4.6, it is not hard to show that g(z) = 2® — 32% — 3.
Since f3 is a root of g(z), x — 8 divides g(z). Upon doing so, we get g(z) = (z — B)(z® + (8 — 3)x + 5% — 303).
Using the quadratic formula, the other two roots of g(x) are
—(8-3) £ (B -3)2 — 4(5? - 3p)
) .
These numbers belong to Q(a) and thus can be written as Q-linear combinations of 1, a, o2, How can we find

such linear combinations? Clearly since 8 = 1+ «, the difficulty lies in writing \/(ﬂ —3)2—4(B2—-3B) asa
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Q-linear combination of 1, a, . So, we wish to find v = a + ba + ca? such that 42 = (8 — 3)% — 4(5% — 33).
Using the fact that a® — 3a.+ 1 = 0, one can show that

7? = (a® — 2bc) + (2ab + 6bc — c*)a + (b* + 3¢ + 2ac)a’.
On the other hand, using that § =1 4 «a, an easy calculation yields
(8 —3) — 4(8% — 38) = 12 + (~3)a’.
Thus finding v is equivalent to solving the system of equations
12 = a* — 2bc
0 = 2ab + 6bc — ¢?
—3=0%+3c + 2ac

over Q. Computationally, this is decidedly a non-trivial problem! On the other hand, this system has two
solutions over @Q, since g(x) has three roots in Q(«). O

Lecture 11: Friday September 17. The second type of field extension we wish to discuss is a separable field
extension.

Definition 11.1. Let F' be a field and f(z) € F[x] be irreducible over F. We say that f(z) is a separable
polynomial, if it has distinct roots in F. The element o € F is separable, if its minimal polynomial is a
separable polynomial. The algebraic extension F' C K is a separable extension, if every element in K is
separable over F'. O

The Galois Correspondence Theorem, which we will see in later lectures, applies to finite extensions
F C K that are both splitting fields and separable. Such extensions are called a Galois extensions. There
are a number of important properties of separable extensions that one must prove, in order to state the
Galois correspondence theorem in full generality. This is because, separability is not automatic when F
has positive characteristic, though, as we will see below, every algebraic extension is separable when F' has
characteristic zero.

Proposition 11.2. Let F be a field and f(x) € F[z] be a non-constant polynomial. Then:

(i) f(x) has distinct roots in F if and only f’(z) # 0 and f(x) and f’(z) have no common, non-constant,
factor in F[z].
(ii) If f(z) is irreducible, then f(x) is separable if and only if f’'(z) # 0.
(iii) If F has characteristic zero, equivalently, Q C F', then every algebraic extension of F' is a separable
extension.

Proof Part (i) is just problem 8 on Homework 1, stated in a different way.

For part (ii), since f(z) is irreducible, and f'(z) has degree less than the degree of f(z), the GCD of f(z)
and f’(z) is 1, unless f'(x) = 0. Thus, by (i), f(x) has distinct roots if and only if f/(z) # 0.

Part (iii) follows immediately from the definitions and part (ii), since if F' has characteristic zero, and f(x)
is not a constant, then f’(x) # 0. O

Example 11.3. This example shows how an irreducible polynomial over a field of positive characteristic
can fail to be separable. Suppose F := Z3(y), the rational function field in one variable over Zz. Then
f(x) = 23 —y is irreducible, since y is not a cube in Z3(y). (Check this!) Let o € F be a root of f(z), so that
a® = y. Now suppose 3 € F is also a root of f(x). Then 8% = y = a3, and hence 0 = o® — 3% = (a — B)?,
and thus @« — 8 = 0, so a = 5. It follows that « is the only root of f(z), and thus a root of multiplicity
three, i.e., over F, f(z) = (z — a)3. Note also, that f/(z) = 0. O

Finite separable extensions F' C K have a very nice property - namely that every such extension is a
simple extension, i.e., K = F(«), for some a € K. The element « is called a primitive element for the
extension F' C K.

Primitive Element Theorem 11.4. Suppose that F' C K is a finite extension of fields and K is separable
over F. Then there exists a € K such that K = F(«a). In particular, if F has characteristic zero, then
every finite extension of F' is a simple extension, i.e., admits a primitive element.
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Proof. We must consider two cases. The first case is that F' is a finite field. Thus K is also a finite field
and upon writing K* for K\{0}, we have that K* is a finite abelian group under multiplication. We will see
later in the semester that this means we can write

K*=Cp, xChy x - x Chpy,

where each Cj is a cyclic group (written multiplicatively) of order n; and ni|nq|- - - |ng. It follows that every
a € K* satisfies ™ = 1. Thus, in K there are n; - ng - - - ng roots of the polynomial 2™ — 1. This is a
contradiction unless d = 1, i.e., K* is cyclic. Thus, there exists a« € K such that every non-zero element in
K (including those in F!) is of the form «", for some r € Z. We clearly have K = F(«).

Suppose that F' is an infinite field. Since K is finite over F', we can write K = F'(uq,...,u,), with each
u; € K and separable over F. The proof is by induction on n, with the base case n = 1 being trivial.
Suppose n > 1. Then K = F(uq,...,un—1)(u,). By induction there exists v € F(uq,...,u,—_1) such that
F(ui,...,un—1) = F(v). Thus,

K =F(uy,...,upn-1)(un) = F(v)(un) = F(v,uy).

This shows that the theorem reduces to the case n = 2. So we start again with K = F(u,v), with u,v € K,
separable over F. We lso assume that K is not equal to F(u) or F(v), for then there is nothing to prove.
Let f(x) be the minimal polynomial of u over F' and g(x) be the minimal polynomial of v over F. Thus,
f(x) and g(x) have distinct roots in F. We will show that there exist infinitely many 0 # A\ € F such
that K = F(u + Av). For o := u + Av, with A a non-zero element of F, note that if v € F(«), then
u=a— M € F(a), so K = F(a). Thus, it is enough to find 0 # A € F such that v € F(a), for a = v+ Av.

For what choices of A, other than A = 0, can v fail to belong to F/(«)? Fix such a A # 0, so that & = u+ Av is
also fixed. Since v € F'(«), the minimal polynomial p(x) of v over F(«) has to have degree greater than one.
Note that p(z) divides g(z). Consider the polynomial h(z) := f(a — Az). Then h(v) = 0. Thus p(x) also
divides h(x). Thus, in F, g(x) and h(x) have a common root other than v, say vy. Since g(z) is separable
over F, v # vg. Since 0 = h(vg) = f(a — Avg), a — Avg =: ug, for ug a root of f(z). Notice that vy # v
implies ug # u. Thus Avg = a — up = (u + Av) — ug. Solving for A\, we obtain

U — Ug
A:

Vo — U

In other words, if F'(a) # K, then A = $==¢_ for roots u, uo of f(x) and roots v,vo of g(z). Since there are
only finitely many such combinations, there are only finitely many A € F' for which F(u + Av) # K. Thus,
we have infinitely many choices of (non-zero) A € F so that K = F(«), with a = w4+ Av. Finally, the last

statement follows immediately from Proposition 11.2 and what we have just shown. O

Remark 11.5. Note that the existence of a primitive element in the case that F' is finite did not use the
separability assumption. It turns out that every finite extension of a finite field is automatically a separable
extension (and also a splitting field).

Example 11.6. Here is the standard example (modulo some details) of a finite extension that is not a
simple extension. Note that by what we have shown above, the base field F' must be neither finite, nor have
characteristic zero. Take F' := Z,(aP,y?) and K := Zy(z,y), for indeterminates x and y over Z,, so that
K = F(z,y). Since 2P € F and y? € F, [K : F] < co. It can be shown that [K : F] = p?. Suppose K were a
simple extension of F'. Then there would exist & € K such that K = F(«). Thus, the minimal polynomial
for o over F would have degree p?. However, a? € F (Check this!), which show that « satisfies a polynomial
of degree p or less over F, a contradiction. Therefore, K is not a simple extension of F'.

Lecture 12: Monday September 20. Let K be a field. The the set Aut(K) of automorphisms of Kis easily
seen to be a group under composition. This group can be small or large, e.g., when K = Q, Aut(K) is just
the identity, while if K = C, Aut(K) is an uncountable group. We are mainly interested in the case that
K is a finite extension of a field F' and the automorphisms in question fix F. Note that since the set of
automorphisms of a field K is a group under composition, the automorphisms of K fixing F' is a subgroup,
since a composition of automorphisms fixing F', fixes F', and the inverse of an automorphism fixing F also
fixes F. Thus Gal(K/F) is a group. This give rise to the following definition.
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Definition 12.1. Given the field extension F C K, the Galois group of K over F, denoted Gal(K/F) is
the group of automorphisms of K leaving F' fixed.

We make a few comments concerning Gal(K/F) when K is a finite extension of F. Note, that in this
case, K = F(ay,...,ay) for some o; € K.

(a) If v € K, then (as we have seen before), we can write v = h(aq,...,qy), where h(z1,...,2,) is a
polynomial with coefficients in F. Thus, for o € Gal(K/F),

o(vy) = o(h(an,...,an)) = h(o(ar),. .., o(an)),
since o fixes the elements of F'. Thus, o is determined by the values o(ay),...,o(ay).

(b) Gal(K/F) is a finite group. To see this, let f;(z) be the minimal polynomial of a; over F'. Then for any
o € Gal(K/F), o(a;) is a root of f;(x) (by Proposition 2.1). Since each f;(z) has finitely many roots and
there are only finitely many «;, there can only be finitely many values o(«;) as o varies over Gal(K/F') and
i runs from 1 to n. By the observation (a), Gal(K/F') must be finite.

(c) A nontrivial fact is that the order of Gal(K/F) is less than or equal to [K : F]. We have basically proven
this in the case K is separable over F', and in particular, when F' has characteristic zero. Indeed, by the
Primitive Element Theorem K = F(«a). Now |Gal(K/F)| < [K : F| follows from Proposition 2.1 part (v) .

Let us now calculate a Galois group. The crucial ingredient to this calculation is Problem 7 in Homework 1.

Example 12.2. Consider the extension Q C Q(\/i, \/3) We wish to show that G = Gal(Q(\/ﬁ, \/§) is
isomorphic to Zg X Zg. Note that if o € G, then a(ﬁ) = ++/2 and a(\/g) = ++/3. We will show that these
four possibilities occur. For this, we first note that z? — 2 is irreducible over Q(v/3) and 22 — 3 is irreducible
over Q(v/2). This, follows, for example, since v/3 ¢ Q(v/2). To see this, suppose (a + bv/2)? = /3. This
leads to the equations a? + 2b%> = 3 and 2ab = 0, which has no solutions in Q.

Now, let id denote the identity automorphism on Q(v/2,+/3). Set F; := Q(v/2). Since x? — 3 is irreducible
over Fi, there exist two automorphisms fixing F\, id : Fy(v/3) — Fy(v/3) which is the identity, i.e., takes v/3
to V3 and oy : Fl(\/g) — F(\/g) taking v/3 to —v/3. This follows either from Proposition 2.1 or Problem
7. Since F1(v/3) = Q(v/2,v3) we have two elements in G. Similarly, if we set Fy := Q(v/3), then 2% — 2
is irreducible over Fy, and we have an automorphism o3 : Fa(v/2) — F»(1/2) taking v/2 to —v/2 that fixes
F,. This gives a third element of G. Finally, Let ¢ : F; — F; be the automorphism taking v/2 — —+/2,
which exists by Proposition 2.1. Note that for f(z) := 22 — 3, f®(x) = f(x), so we apply Problem 7 to
get an isomorphism o4 : Fp(v/3) — Fp(v/3) extending ¢ that takes v/3 to —v/3. In other words, o4 is an
automorphism of Q(v/2, \/3) which fixes Q and takes v/2 to —v/2 and v/3 to —v/3.

Let us now look at the group relations. All of the elements of G are determined by their effect on /2 and /3.
So for example, 03(v/2) = 09(02(v/2)) = 02(vV2) = V2 and 02(V/3) = 09(02(V/3)) = 02(—V3) = — — V3 =
V3. In other words, 02 = id. Similarly, the other non-identity elements of G also have order two. By
elementary group theory, this shows G is isomorphic to Zs X Zg, since Zo X Zy and Z4 are the only groups
of order four. Alternately, one can make a group table for G, by calculating all products. For example, to
calculate o304, we see: 0304(v2) = 03(—Vv2) = V2 and 0304(v3) = 03(—V3) = —V/3. Thus, 0304 = 0.
The other relations can be obtained similarly. (Il

Lecture 13: Wednesday September 22. We calculate two more Galois groups.

Example 13.1. Consider f(z) = 23 +x + 1 € Zy[z]. Notice that f(z) does not have a root in Zsg, and thus
f(x) is irreducible over Zs, since it has degree three. Let a € Zo be a root of f(z) and consider K = Zo(«).
Thus [K : Zs] = 3, so |K| = 8. Now, since Zy has characteristic two and o® + a + 1 = 0, we have,

0=(a®+a+1)?
0=(®)?+a?+1
0=(a?)3+a?+1
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which shows that o? is a root of f(z). Similarly, we can see that o is also a root of f(z). Notice that these
are distinct roots, since for example, if & = a?, then a® = 1 and this contradicts the fact that f(z) is the
minimal polynomial of a over Z,. Notice that this shows that K is the splitting field of f(z) over Z,.

By Proposition 2.1, at most three automorphisms of K fixing Zs, one of which is the identity automorphism.
Again, by Proposition 2.1, there is an automorphism ¢ of K taking o to a?. Notice that

o?(a) = o(a?) = o(a)? = o,
so that o2 take « to the third root of f(x). This already tells us that Gal(K/F) = (o) = Z3. However direct

calculation shows that 03(a) = a®. Since K* is a group of order seven, a” = 1, and thus o® = «, showing
that 03 = id, which also shows Gal(K/F) = Zs. O

Example 13.2. Let us consider the Galois group of the splitting field of 2 — 2 over Q. We start by letting
/2 denote the real cube root of 2 and € denote a (fixed) primitive cube root of unity (e.g., € = e*5"). Then
€ # ¢ and (€)® = (e?)® = 1. It follows that /2, v/2¢, and /2€2 are the three distinct roots of z3 — 2.
Note also, that any field containing /2 and e contains /2, V/2¢, v/2€2, while on the other hand, any field
containing v/2, v/2¢, V/2¢? contains /2 and e. Thus, we set K := Q(/2,€) = Q(¥/2, ¥/2¢, v/2¢?), the splitting
field of 23 — 2 over Q.

We first note that 2® — 2 and 2% + z + 1 are irreducible over Q, since neither has a root in Q. It follows
that [Q(v/2) : Q] = 3 and [Q(¢) : Q] = 2. Moreover, 2° — 2 remains irreducible over Q(¢) and 22 + x + 1
is irreducible over each of Ly := Q(¥/2), L1 := Q(+/2¢), and Ly := Q(3/2¢2). One can either verify these
statements directly, or use HW 1 Problem 3 part (iv), since for example, if L. = Q(¢) and M = Q(+/2), then
LM = Q(e, ¥/2), which then gives [Q(e, ¥/2) : Q] = 2-3 = 6. This implies that [Q(e, V/2) : Q(¢)] = 2 (for
example), which is equivalent to saying that x3 — 2 is irreducible over Q(¢). These facts will enable us to
apply Problem 7 from HW 1 in a number of different ways.

To start, let us note that if we take F' = Fy = Q and f(x) = fo(x) = 2% -2, and o the identity automorphism
in Problem 7, then we get three isomorphisms : (i) o9 : Lo — Lo, (ii) 01 : Lo — L1, and (iii) o2 : Ly — Lo,
for which oo(3/2) = V/2, (s0 0p is the identity map), o1(V/2) = V/2¢, and 02(V/2) = v/2¢2.

We now show that each o; can be extended in two ways to automorphisms of K. To see this, we first note
that for any 0 < i < 2, K = L;(e) = L;(¢?). (Check this.) We first extend o; as follows : In Problem 7,
take F' = Ly and Fy = L; and 0 = 0;. We also take f(z) = fo(z) = 22 + 2 + 1. Note that 2% + z + 1 has
coefficients in Q, so that any isomorphism applied to the coefficients of £2 4 = + 1 must fix those coefficients.
We first take & = € = ag. Then, by Problem 7 there exist isomorphisms J; : Lo(e) — L;(€) extending o; and
with d;(e) = €. Since Lg(e) = L;(e) = K, we obtain three automorphisms of K, namely, ¢y, d1, and d5.

On the other hand, starting again with the same data, if we take o = € and ag = €2, then we may apply
Problem 7 again to extend each o; to an isomorphism &; : Lo(e) — L;(€?) taking € to €2. Again, each &; is
an automorphism of K, so we obtain six automorphisms of K altogether.

In terms of the roots, the following list shows how each automorphism permutes the roots of X3 — 2:
(i) do: V2 = V2, 2 — 26, 262 — 262

(ii) o7 : V2 = 2, V2 = V262, V22— 2 (since a]({“’/ie) = Uﬁ({ﬁ) -o1(e) = 2% e = \3/562).
(iii) o9 : V2 = V262, V2 — V2, V2% — {26
(iv) oo : V2 = V2, 2 — V262, 2% — /2.
(v) G1: V2 = V2, V2e — V2, V22 — 262

(vi) da: V2 = V2€2, V2 = 2, V22 = V2.
How do we know that we have all of the automorphisms of K? Since K = Q(\S/i, e, \3/562), every element
in K is a polynomial expression in /2, /2¢, ¥/2¢? with coefficients in Q. Thus, any automorphism of
K is determined by its effect on &2, \‘756, /262, Since any automorphism of K permutes \3/5, &2e, 262
(they are roots of the same polynomial with coefficients in @), there cannot be more automorphisms of K
than permutations of /2, V/2¢, ¥/2¢%. Alternately, since Q has characteristic zero, the extension is a simple
extension, and thus, by Proposition 2.1, the order of the Galois group is less than or equal to the degree of
the extension. Since the extension has degree 6, there cannot be any more automorphisms of K fixing Q
than the ones we have accounted for. Thus, the Galois group of of the splitting field of 23 — 2 is the group
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of automorphisms og,...,oc5 above. This is a non-abelian group of order 6, and therefore is isomorphic to
the symmetric group S3. We can also see that G is isomorphic to S3 because every permutation of the three
roots appears as an automorphism of K. O

Remark 13.3. Let F be a field and f(z) € F[z] a polynomial with n distinct roots in F. If we let K
denote the splitting field of f(z) over F', then any element in Gal(K/F) permutes the roots of f(x) and thus
can be identified with an element of S, the symmetric group on n letters. In other words, Gal(K/F) is
isomorphic to a subgroup of S,,. On the other hand, it is important to note that not every permutation of
roots gives rise to an automorphism of K fixing F'. For example, since Q has characteristic zero, the field
extension given in Example 10.2 is a simple extension. If we let o € Q(\/i, \/3) be a primitive element, e.g.,
o = /2 + /3, then since Q(v/2,/3) is a splitting field over Q, f(z), the minimal polynomial of o over Q,
splits over Q(v/2,v/3). It follows that Q(a) = Q(«, a2, a3, ag), where the «; are the distinct roots of f(x).
Since the Galois group of this extension is Zo X Zga, not every permutation of the roots of f(z) gives rise to
an automorphism of its splitting field, otherwise the Galois group in this case would be Sj.

Lecture 14: Friday September 24. We begin with two important definitions.

Definitions 14.1 Let F C K be a finite extension of fields. (i) If [K : F] = |Gal(K/F)|, we say that K is
a Galois extension of F, or that K is Galois over F'.

(ii) Let K be a field and G a group of automorphisms of K. Then the fized field of G the set of elements
a € K such that o(a) = a, for all 0 € G. Tt is easy to check that the fixed field of G is a subfield of K. O

Remarks 14.2. (i) Let F C K be a finite extension and let Fy be the fixed field of Gal(K/F). Then
F C Fy C K and Gal(K/F) = Gal(K/Fy).

(ii) The calculations in Examples 12.1, 13.1 and 13.2 show respectively that Q(\/ﬁ, \/3) is Galois over QQ, the
splitting field of 2 + z + 1 over Z, is Galois over Z;, and Q(+4/2,¢) is Galois over Q. Note that in each of
these cases, the larger field is a splitting field over the base field. We will see in Monday’s lecture that this
is an important component of the Galois property. O

The following theorem (due to E. Artin) is the key component in the proof of the Galois Correspondence
Theorem.

Theorem 14.3. Let K be any field, G a finite group of automorphisms of K and Fy the fized field of G.
Then [K : Fy] <|G].

Proof. Suppose |G| = n and there exists v1,...,v,+1 € K linearly independent over Fy. Let o1,...,0, be
the elements of GG, with o; = id. Then the homogeneous system of linear equations over K

or(vi)zr + -+ 01(Vpg1)Tns1 =0

on(v1)z1 4+ 0n(Vng1)Tpy1 =0

has a non-trivial solution in K™*!. Among all such solutions, choose one with the fewest non-zero entries.
Suppose this solution, as an element of K™% has r non-zero entries. By changing the order of the v; if
ay

necessary, we may assume that the solution is , with each a; a non-zero element of K. We first note

(€28
0
0

that » > 1. Otherwise, the first equation in the system above becomes vy - a; = 0, since o7 = id, and this is

a contradiction. We next note any non-zero multiple of a solution to the system above is also a solution to
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ai

Qr—1

the system above, so that we may assume a, = 1. Thus, we have a solution of the form 1 |. Finally,

0

we note that not all of the a; belong to Fy, otherwise upon setting x; = a;, the first equation would yield
an equation of linear dependence on the v;. Thus, some a; ¢ Fy. Again, by re-ordering if necessary, we can
assume a1 € Fy. Finally, We now have the following system of equations

01(’[11)(11 + .- +01(vr_1)ar_1 +01(’U7~) -1 = 0

on(v1)ay + -+ on(vr_1)ar—1 + op(vy) - 1 =0.

Now, since a; & Fo, a1 is not fixed by some element of G, say or(a1) # a1, so a1 — or(a;) # 0. We now
apply o, to the second system of equations to get the following:

opo1(vi)ok(ar) + -+ + opo1(ve—1)ok(ar—1) + ogo1(v.) - 1 =0

opon(v1)ok(ar) + -+ + opon(ve_1)ok(ar—1) + oxon(ve) - 1 = 0.

Now, since G = {001, ...,0r0n}, this last system of equations is the same as the system

o1(n)ok(ar) + -+ o1(vp—1)ok(ar—1) + o1(vy) -1 =0

an(vl)ak(al) + -+ Un(vr_l)ak(ar_l) + an(vr) -1=0.

O’k(al)

Uk(ar—l)

Thus, 1 is also a solution to the original system of equations. Subtracting this new solution to

the system from the original solution above, we have that

a1 —Uk((h)

Qy—1 — Ok (ar—l)

0

is a non-trivial solution with

fewer than r non-zero entries, which is a contradiction. Thus, we must have [K : Fy] < |G|. O
Corollary 14.4. (i) Suppose G is a finite group of automorphisms of the field K and Fy its fived field. Then

K is Galois over Fy and G = Gal(K/Fp).
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(ii) A finite extension F C K is Galois if and only if F is the fized field of Gal(K/F).
Proof. For part (i), by the theorem above, we have

(K : Fo] < |G| < |Gal(K/Fo)| < K : Fy).
Thus, [K : Fy] = |Gal(K/Fp)|, and hence K is Galois over Fy, and G = Gal(K/Fy).

For part (ii) Set G := Gal(K/F) and Fj to be the fixed field of G. Thus G is the Galois group of K over
Fy. Suppose K is Galois over F. Then we have

|G| < [K : Fy)) < [K: F]=|G|,

from which we see [K : Fy] = [K : F], which implies F = Fy. Conversely, suppose F = Fy. Then by the
theorem above, we have

K F) = [K o) < |G| < K : F.
Thus, |G| = [K : F], so K is Galois over F. O

Lecture 15: Monday September 27. We can now state the Galois Correspondence Theorem.

Galois Correspondence Theorem. Let F' C K be a finite extension with K Galois over F. For a subgroup
H C Gal(K/F), write K for the fized field of H. Then there is a one-to-one correspondence between the
subgroups H C Gal(K/F) and the intermediate fields F C E C K given by H — K" and E — Gal(K/E).
Moreover, for any intermediate field E and any subgroup H of Gal(K/F):
(i) [G:H)=[K® :F]and [E: F] =[G : Gal(K/E)].
(ii) K is Galois over E.
(iii) E is Galois over F if and only if Gal(K/FE) is a normal subgroup of Gal(K/F), in which case
Gal(E/F) is isomorphc to Gal(K/F)/Gal(K/E).

Proof of the Galois Correspondence Theorem. We start by proving all parts of the theorem except part
(iii). To see that H — K is a one-to-one correspondence between the subgroups H of Gal(K/F) and the
intermediate fields F C E C K, with inverse E — Gal(K/E), it suffices to show that H = Gal(K/K*) and
E = KG(E/E) et H be a subgroup of Gal(K/F). Then, by Corollary 14.3, H = Gal(K/K™), which is
what we want. Now let FF C E C K be an intermediate field and set H := Gal(K/FE). Then, by Corollary
14.3, K is Galois over K with Galois group H. Thus,

\H| = [K : K"] > [K : E] > |Gal(K/E)| = |H|.

Thus, [K : Kf] = [K : E], so E = K" = KG(K/E) wwhich is what we want. This establishes the required
one-to-one correspondence.

Now let FF C E C K. To see that K is Galois over E, set H := Gal(K/FE). Then by what we have shown
above, E is the fixed field of H, so by Corollary 14.3, K is Galois over E.

Let H be a subgroup of Gal(K/F). Then K is Galois over K| and H is the Galois group of K over K,
by Corollary 14.4. Thus, |H| = [K : K¥]. However, because |Gal(K/F)| = |H| - [Gal(K/F) : H] and
[K: F]=[K:KH].[H": F], it follows that [Gal(K/F) : H] = [K" : F], since [K : F] = |Gal(K/F)|.

Similarly, if E is an intermediate field, then |Gal(K/E)| = [K : E], since K is Galois over E. However,
because |Gal(K/F)| = |Gal(K/E)| - [Gal(K/F) : K] and [K : F| = [K : E]-[E : FJ, it follows that
[G:Gal(K/E)] = [E : F], since [K : F] = |Gal(K/F)|.

We need an extra result before we can prove part (iii) of the Galois Correspondence Theorem. Before
proceeding with this, we revisit a couple of our examples.

Examples 15.2. (a) Let F = Q and K := Q(v/2,v/3). In Example 12.2 we calculated the elements of
Gal(K/F) and saw that Gal(K/F) isomorphic to Zs X Zg. Thus, there are three eelemnts of order two in
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Gal(K/F) and they each generate a subgroup of order two. Using the same notation as in Example 12.2,
these elements act on the roots of (22 — 2)(22 — 3z)as follows:

o9 V2 5 V2, V3 V3
o3:V2 = —V2, V3—-V3
o4 V2= —V2, V3 —V3

Since the product of any two non-identity elements in Zy X Zs equals the third non-identity element, the
only proper subgroups are Gal(K/F) are those generated by the o;. Let us consider the subgroup H of
Gal(K/F) generated by o4. Thus, [Gal(K/F) : H] = 2. What is K| the fixed field of H? Certainly,
04(v/6) = V6, so that Q(v/6) is contained in the fixed field of H. By the Galois correspondence Theorem,
[Gal(K/F): H] = [KH : Q]. Since Q(+/6) € K and [Q(v/2: Q]. = 2, we must have K7 = Q(1/6).

Here is another way to see that K7 = Q(v/6). A typical element in K is of the form 8 = a + bv/2 +
cV/3 + dv/6, with a,b,c,d € Q. Suppose 3 = 04(8) = a — bv/2 — cv/3 4+ dv6. Then a = a, b = —b, ¢ = —c,
and d = d. Tt follows that b = 0 = ¢, so that 8 = a + b\/6, so B € Q(v/6). Moreover, o4(v/6) = v/6, so that
Q(v/6) is contained in the fixed field of H. Thus, Q(1/6) is the fixed field of H. If we apply either strategy
to the other subgroups of Gal(K/F') we get the following correspondence

id +— Q(V2,V3)
(02) +— Q(V2)
(o3 QV3)
(o4 Q(v6)

)
)
Gal(K/F) +— Q.

Note that Gal(K/F) corresponds to Q by Corollary 14.4. Note also, that Gal(K/F) is abelian, so that every
subgroup is a normal subgroup. Each intermediate field above is easily seen to be Galois over Q (e.g., by
Proposition 2.1), and this agrees with part (iii) of the correspondence theorem.

(b) Let F = Q and K = Q(V/2,¢) = Q(¥/2, ¥/2¢, v/2¢?), the splitting field of 23 — 2 over Q. As we have
seen in Example 13.2, K is Galois over Q and Gal(K/F) is isomorphic to S3. Maintaining the notation from
Example 3.2. So, we have the following elements in Gal(K/F) of order two:

Go 1 V2 +— V262, V2 fixed
1 V2 +— V2, V26 fixed
Go 1 V2 +— V262, V/2¢ fixed

N

1

and the following elements of order three:

(fl:\?/i—> V2 — V262 = V2

62:\3/5% V26?2 — V2e — V2.
It is easy to check that ¢ = &12. It follows that (d1) is a subgroup of order three, and since any subgroup of
order three is generated by an element of order three, this is the only subgroup of order three. Moreover, the
groups (d;) are the subgroups of order two. We have now accounted for all proper subgroups of Gal(K/F),

since any subgroup containing two ¢; cannot have order three, it must be the whole group. Similarly, because
our subgroup of order three has index two, there cannot be any proper subgroups containing it.

Now to calculate the corresponding fixed fields, set H := (do). Then /2 is fixed by H, so Q(v/2) C K#. On

the other hand, by part (i) of the Galois Correspondence Theorem, we have 3 = [Gal(K /F ) H]=[KT:qQ)].
Since [Q(v/2) : Q] = 3, this forces Q(¥/2) = K. A similar argument shows K (7 = Q(¥/2¢2) and

K1) — Q(V20)
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¥2¢2
V26

Let us write C := (¢;) for the remaining proper subgroup of Gal(K/F) and calculate K. Now e =
so that
. . V2 01(V2) V2
gife) =0i(5z) =~ = 5= =€
V2© o a(V2) V2
Thus, Q(e) € K¢. By part (i) of the correspondence theorem, we have 2 = [Gal(K/F) : C] = [K¢ : Q]. Since

[Q(e) : Q] = 2, this gives K = Q(¢). We now have the following correspondence between the subgroups of
Gal(K/F) and the intermediate fields between F and K.

where the last correspondence follows from Corollary 14.4. |

Lecture 16: Wednesday September 29. It remains to prove part (iii) of the theorem. For this, we need the
following important characterization of Galois extensions.

Theorem 16.1. Let F' C K be a finite extension of fields. The following are equivalent:

(a) K is Galois over F.
(b) F is the fixed field of Gal(K/F).
(c) K is separable over F' and a splitting field over F'.

Proof. The equivalence of (a) and (b) follows from Corollary 14.4. Now suppose K is Galois over F. Let
a € K\F and write f,(z) for the minimal polynomial of « over f. If we show that f,(z) has distinct roots,
and all of these roots are in K, then « is separable over F', and hence K is separable over F', and K is the
splitting field of the set of polynomials {f,(z) | « € K\F'}.

Let 01(a),...,0,(c) be the distinct elements in the set {o() | o € Gal(K/F)}. Without loss of generality,
we may assume o1(a) = «, so that if we set g(z) := (v — o1(a)) - (x — op(@)), g(a) = 0. We claim
g(z) € F[z]. Suppose the claim holds. Then f,(z) divides g(x). Since g(x) has distinct roots, f,(z) has
distinct roots. On the other hand, the roots of g(z) belong to K, and thus the roots of f,(x) belong to K,
which is what we want.

To prove the claim, write g(x) = 2™ + c;2" ! + -+ + ¢,,. Then we have a system of equations

1 =—(o1(a) +---+on(a))
=Y o)
1<i<j<n
en=(—1)"o1(a) - op(a)
Take o € Gal(K/F). Then coy(a),...,00,(a) are distinct, and thus by definition,

{01(@), .., 0u(@)} = {oo1()....00a(a)}.

It follows from this that
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o(c1) = —(oo1(a)+ -+ oop(a)) = —(o1(a) + -+ on(a) =
o) = Y (o0i(a)(ooj(@) = Y ai(a)jla)=cs

1<i<j<n 1<i<j<n

o(cn) = (=1)"(001(a)) --- (gon(a)) = (=1)"a1() - - o () = .

Since o € Gal(K/F) is arbitrary it follows that each ¢; belongs to the fixed field of Gal(X/F). By the
equivalence of (a) and (b), we have that each ¢; € F, i.e., fo(x) € F|z], which proves the claim.

For the converse, suppose that K is separable over F' and a splitting field over F. By the Primitive Element
Theorem, there exists o € K such that K = F(«). Let f(z) denote the minimal polynomial of o over
K, so that f(z) is irreducible over F, and suppose that the degree of f(z) equals d. Then, one the one
hand, f(z) has d distinct roots in F, since « is separable over F. On the other hand, since K is a splitting
field, by Theorem 10.4, f(z) splits over K = F(«), so that f(x) has d roots in F(«). By Proposition,
Gal(K/F) = d = [K : F], which shows that K is Galois over F. O

Proof of the correspondence theorem continued. To finish the proof of the Galois Correspondence Theorem,
we now have to show that if F C E C K is an intermediate field, and H = Gal(K/FE), then H is a normal
subgroup of Gal(K/F) if and only if E is Galois over F, and in this case Gal(E/F) = Gal(K/F)/Gal(K/E).
To begin, for such an E and H, suppose H is normal in Gal(K/F). Set r := [Gal(K/F) : H], and let
H,7H, ..., 7.H be the distinct cosets of H, so that id, 71,...,7. are a set of distinct coset representatives
for H. Suppose we show that each (7;)|, € Gal(E/F) and the (7;)|, are distinct. Then,

[E:F)=[Gal(K/F): Hl=r <|Gal(E/F)| < [E: F].

Then [E : F] = |Gal(E/F)| which shows that F is Galois over F. For 7; as above, suppose 7;(e) = =, for
e€ Eand v € K. Then for all 0 € H,

TiO'Ti_l(’}/) =Tr0(e) =T1(e) = 7.

Thus, v belongs to the fixed field of 7;H7, * = H, since H is normal in Gal(K/F). But the fixed field of
His E,soy € E, ie., 7;(e) € E. This shows each each 7; maps F into F, and since 7; is one-to-one (say,
as an F-linear transformation), 7; must map E surjectively onto E. Therefore, (7;)|, € Gal(E/F). Now
suppose that (7;)|, = (75)|,- Then 7;(e) = 7;(e), for all e € E. In other words, Tj_lTi fixes E. This means
Tj_lTi € H, so that ;H = 7;H, so 7; = .7;. Thus, the (7;)|, are distinct, which complete the proof that £
is Galois over F.

For the converse, let E be an intermediate field which is Galois over F' and H := Gal(K/E). We have
to show that H is a normal subgroup of Gal(K/F). By Theorem 15.1, F is a splitting field over F. Let
7 € Gal(K/F), 0 € H and 8 € E. Suppose we can show that 77 1o7(8) = 8. Then 77 'o 7 € Gal(K/E) = H,
which shows that H is normal in Gal(K/F').

To see that 7=lo7(B) = B, it suffices to see that o7(8) = 7(8). Now T, B = K C F is a field
homomorphism fixing F. Since E is a splitting field over F, 7, (E) = E, by Theorem 10.4. Thus, 7(8) € E.
Therefore, since 0 € H, o(7(3)) = 7(8), which gives what we want.

Finally, assume H is normal in Gal(K/F) and E := K so that F is Galois over F. We define a group
homomorphism 1 : Gal(K/F) — Gal(E/F) as follows : ¢(7) = 7,. By the argument in the paragraph
above, (1) € Gal(E/F'). Since 11|, o 72|, = (71 © T2)|,, ¥ is a group homomorphism. Moreover, ¥(1) = id
if and only if 7 fixes F, i.e., 7 € H. Thus, H is the kernel of 7. The proof is complete once we show that 7
is surjective. To see this, let f € Gal(E/F). Then we can think of f as a field homomorphism from E to
F. By Theorem 9.1, there exists 7 : K — F extending f. Since K is a splitting field, Theorem 10.4 gives
7(K) =K, ie., 7 € Gal(K/F). Since 7 extends f, ¢(7) = f, which shows that 7 is surjective. Thus, by the
first isomorphism theorem for groups, Gal(E/F) is isomorphic to Gal(K/F)/H, as required. This completes
the proof of the theorem O
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Discussion 16.2. Suppose that F' C K is finite Galois extension and suppose further that there exists a
chain of intermediate fields

(*) F=LyCLiC--CL1CL =K

)

such that each L;;; is Galois over L;. Then, by the Galois Correspondence Theorem, we obtain a corre-
sponding chain of subgroups

(xx) id = Gal(K/L,) C Gal(K/L,_1) C Gal(K/L,,—1) C --- C Gal(K/L;) C Gal(K/Ly) = Gal(K/F).

Now, for each i, we have L; C L;1; C K. Since K is Galois over F, it is also Galois over L;. By hypothesis,
L; 1 is Galois over L;. Thus by the Galois Correspondence Theorem, Gal(K/L;1) is a normal subgroup of
Gal(K/L;). Thus, the chain of subgroups in (**) is a subnormal series of Gal(K/F). Therefore, in order to
obtain a subnormal series (**) in Gal(K/F'), it suffices to find a chain of intermediate fields of the type (*).

Conversely, if we have a chain of subgroups
idi=HyCH C---CH, 1 CH.=Gal(K/F),
such that each H;_7 is a normal subgroup of H;, then we get a corresponding chain of intermediate fields

F=LyCLiC---CL,21CL =K

)

where L; is the fixed field of H,_; and each L; is Galois over L;_;. This follows since by the proof of the
Galois Correspondence Theorem, H)! ., = Gal(K/L;) = H,_; and Gal(K/L;_1) = Hp,_;y1, so that if we
apply the Galois Correspondence Theorem to the Galois extension L; 1 C K, L; is Galois over over L;_1,
since Gal(K/L;) is a normal subgroup of Gal(K/L;_1). O

It turns out that having a good understanding of subnormal series and their connections to intermediate
fields as above is key to understanding the solvability by radicals theorem. Towards this end, we will need a
fair amount of group theory. Thus, beginning with the next lecture, we will make a fresh start and focus on
the study of groups, including those aspects of group theory required for the solvability by radicals theorem
and its applications.

Lecture 17: Friday October 1. We begin with some elementary fact that most of you may have already seen,
so in some cases only sketches of proofs are provided.

Proposition 17.1. (i) Let G be a group and H C G a subgroup. The relation a =; b mod H given by
a =; b mod H if and only if b=a € H is a congruence relation on G. We say that a is left congruent to b
modulo H.

(ii) For a € G, aH, the left coset of H with respect to a is the corresponding equivalence class of a. Conse-
quently, given two left cosets aH, bH, either aH = bH or aH NbH = ().

(iii) All of the foregoing applies to the equivalence relation a =, b mod H if and only if ab= € H, which we
call right congruence modulo H.

Proof sketch. Clearly a = a, for all a € G. If b='a € H, then (b='a)"! = a~'b € H, which shows that
a =; b implies b = a. If b~'a,c™'b € H, then ¢ 'bb~'a = ¢ 'a € H, which shows the given equivalence
relation is transitive. Thus, left congruence module H is an equivalence relation. It is now easy to check the
the congruence class of a is just aH := {ah | h € H}. That aH = bH or aH NbH = {), follows from the
standard property of congruences classes. Moreover, we have that the distinct left cosets (and the distinct
right cosets) of H form a partition of G. O

Theorem 17.2. (Lagrange’s Theorem) Let G be a finite group and H C G a subgroup. Them |H| divides
Gl

Proof. Recall that if X is a set with an equivalence relation, then the distinct equivalence classes partition

X. Thus, from Proposition 17.1, we have G = HUgoH U---Ug, H, a disjoint union of the distinct left cosets

of H. Note that since G is finite, there are only finitely many distinct left cosets. Multiplication on G by

any g; is a one-to-one function, which shows that |g; H| = |H|, for all ¢. Thus, |G| = r - |H|, where r equals

the number of distinct left cosets of H. O
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Note that the proof above shows that the number of distinct right cosets of H equals the number of
distinct left cosets of H, which we denote by [G : H], the indez of H in G.

Remarks 17.3. (a) Recall that a H C G is a normal subgroup if it satisfies the following equivalent
conditions:
(i) gH = Hyg, for all g € G.

(i) gHg ' =H, for all g € G.

(iii) ghg ' € H,frallg€ G and g € H.
An easy consequence of this, in light of Proposition 17.1 above is that any subgroup of of index two is
automatically normal in G. To see this, on the one hand, for any g € G, G is a disjoint union G = H U gH,
while on the other hand, G is the disjoint union H U Hg, which shows gH = Hg.

(b) Moreover, if H is not normal in G, then not only may the equality gH = Hyg fail, for some g € G, Hyg
is not even a left coset. For if it were, say, Hg = goH, then g € goH, which implies gH = goH = Hg, a
contradiction. See the example below. O
Example 17.4. Take G = S3, the set of one-to-one onto functions from the set X = {1, 2,3} to itself. This
is a nonabelian group of order six under composition. If we define o,7 € S, by (1) =2,0(2) =3,0(3) =1
and 7(1) = 2,7(2) = 1,7(3) = 3, then it is not difficult to check the following:
(i) S3 = {id, 0,02, 7,07, 0%T}.

(i) o2 =id = 7%

(iii) 70 = 0?7 and 702 = o7T.
With these identities in mind, consider the subgroups H := {id, 0,02} and K := {id,7}. Then we have the
following left cosets of H:

H = {id,0,0*} and 7H = {r,70,70%} = {1,0°1,07}.

Since these sets partition G, they must be the distinct left cosets of H in G. We also clearly have HT = 7H,
so that H, H, T are the distinct right cosets of H in G.

The situation is a bit different for K. An easy calculation gives:
K =1{id, 7}, oK =1{o,01}, 0’K ={0?% o%r},

which are the distinct left cosets of K in G. On the other hand, using the identities above, we can see that
the distinct left cosets of K in G are:

K ={id, 7}, Ko ={o,0°7r}, Ko*={c% o1}

Note that not only are corresponding left and right cosets different, e.g., c K # Ko, but none of the right
cosets are left cosets at all. O

Reminder. When N C @G is a normal subgroup, then the set of left (respectively, right) cosets of N in G
form a group, called the factor group of G by N. We denote this group by G/N and recall that, by definition,
(aN) - (bN) = abN in G/N. To see that G/N is a groups, one notes that the group axioms in G/N are
inherited from those in G and thus the only issue is whether or not the coset multiplication is well defined.
To see this, suppose alN = a’N and bN = b'N, for a,a’,b,t’ € G. Then, a~'a’ € N and b—1¥ € N. In order
to see that abN = a'b' N, we have to show (ab)~'a’b € N. We have

(ab)~ta't = b ra" 'V = (b (ata)b}H{b VY,

which belongs to N, since b=1(a"!a’)b € N (as N is normal, and a~'a’ € N) and b~1%’ € N. O
Lecture 18: Monday, October 4. We start with the following familiar notion. Given groups G,G’, the
function ¢ : G — G’ is a group homomorphism if ¢(ab) = ¢(a)d(b), for all a,b € G. O

The following proposition lists several properties of group homomorphisms, most of which should be familiar.

Proposition 18.1. Let ¢ : G — G’ be a homomorphism of groups. Then:
(i) ole) = '
(i) ¢(a=t) = ¢(a)?, for all a € G.
(iil) ker(¢) :={a € G | ¢(a) = €'} is a normal subgroup of G.
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(iv) ¢ is 1-1 if and only if ker(¢) = e.

v) If H C G is a subgroup, then ¢(H) :=im(¢) is a subgroup of G.

(vi) If ¢ is surjective and H is normal in G then ¢(H) is normal in G'.

(vii) If H' C G’ is a (normal) subgroup of G’, then ¢~'(H') := {a € G | ¢(a) € H'} is a (normal)
subgroup of G'.

(viil) G/ker(¢) is isomorphic to im(¢).

(ix) If ¢ is surjective, there is a 1-1 correspondence between the (normal) subgroups of G containing

ker(¢) and the (normal) subgroups of G'.

Sketch of Proof. Proofs of most of the items are straightforward, so we leave (i)-(v) to you. For (vi) given
g € G' and ¢(h) € ¢(H), for h € h, there exists g € G such. that ¢(g) = ¢’. therefore,

(¢") ' o(h)g" = 6(g) " (h)é(g) = d(g~ ) e(h)d(g) = d(g™ ' hg).
Since H is normal in G, g~ thg € H, so that ¢(¢g~'hg) € ¢(H), which shows that ¢(H) is normal in G’.

For (vii), let a,b € ¢~1(H’), so that ¢(a), p(b) € H'. Since H' is a subgroup, ¢(a)¢(b) = ¢(ab) € H', so that
ab € ¢~1(H'). Likewise, ¢(a)~t = ¢(a™!) € H', so that a=! € ¢~1(H). Thus, ¢~(H’) is a subgroup of G.
If H' is a normal subgroup of G, then for g € G and a € ¢~ (H),

o9~ ag) = d(9) '¢la)e(g) € H',
thus g~ lag € ¢~ 1(H), so that ¢~!(H) is a normal subgroup of G.

For (viii), Set K := ker(¢). We define ¢ : G/K — ¢(G) as follows: ¥ (gK) = ¢(g). Since the map 1) is defined
in terms of coset representatives, we must check that the map is independent of the chosen representative,
for any gK € G/K. In other words we must check that if gK = goK, then ¢(gK) = ¥ (goK). For this, if
gK = goK, then g;'g € K, so that ¢(gy 'g) = €¢/. Thus, ¢(g5 ")¢(g) = €, so that ¢(g) = ¢(go), which shows
that ¢¥(gK) = ¢ (goK), and thus 1 is well defined.

To check that ¢ is an isomorphism is now straight forward.

d(gK - goK) = ¥(990K) = ¢(990) = ¢(9)#(90) = (9K )p(goK),

which shows that ¢ is a group homomorphism. 1 is surjective, by definition, since given ¢’ € ¢(G), ¢’ = &(g),
for some g € G, which shows that ¥(gK) = ¢(g) = ¢'. Finally, ¢(gK) = €’ if and only if ¢(g) = €’ if and
only if g € K if and only if gK = K, the identity element in G/K, which shows that ¢ is 1-1, and thus an
isomorphism.

For (ix), set K := ker(¢) and suppose H C G is a (normal) subgroup containing K. Then ¢(H) is a (normal)
subgroup of G/, by (v) and (vi). If H’ is a (normal) subgroup of G’, then ¢~ (H’) is a (normal) subgroup of G
containing K, by (vii) and the definition of K. Thus, we must show these correspondences are 1-1. Suppose
H, Hy are subgroups of G containing K and ¢(H) = ¢(Hp). Take h € H. Then ¢(h) € ¢(H) = ¢(Hp), so
that ¢(h) = ¢(ho), for some hg € Hy. Thus, ¢(hg'h) = €', so that hy'h € K, We can then write hy 'h = Fk,
for some k € K. Therefore, h = hok € Hy, since K C Hy. It follows that H C Hy. By symmetry, Hy C H,
so H = Hy.

Now suppose that H', H}, are subgroups of G’ and ¢! (H') = ¢~ 1(H{). Take ' € H'. Since ¢ is surjective,
there exists h € H with ¢(h) = h’. Thus, h € ¢~ (H') = ¢~ (H]), which means, b’ = ¢(h) € H}. Thus,
H' C Hj, and by symmetry, H), C H’', showing H' = H/,, which completes the proof. |

Corollary 18.2. Let G be a group and K a normal subgroup of G. Then there is a one-to-one correspondence
between the (normal) subgroups of G containing K and the (normal) subgroups of G/K.

Proof. This follows immediately from part (ix) above. Indeed, we define ¢ : G — G/K by ¢(g) = gK. Then
¢ is clearly a surjective group homomorphism. Moreover ¢(g) = K (the identity in G/K) if and only if
gK = K if and only if g € K. Thus, the result follows from (ix). O

What is the correspondence in Corollary 18.27 The map ¢ takes the subgroup H C G to HK/K C G/K,
which by Corollary 18.3 below makes sense since HK is a subgroup of G. Part (viii) in the Proposition 18.1
above is sometimes called the First Isomorphism Theorem. Two other isomorphism theorems follow quickly
as corollaries.
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Corollary 18.3. Let G be a group, H, K C G subgroups, with K normal in G. Then:
(i) HK :={hk | h € H and k € K} is a subgroup of G and HK/K is isomorphic to H/(H N K).
(ii) Suppose H C K and H is also normal in G. Then K/H is normal in G/H and (G/H)/(K/H) is
isomorphic to G/ K.

Proof. For (i), we first note that HK = K H. To see this, suppose hk € HK. Then, hkh=! € K, since K is
normal in G. Thus, hkh™! = kg € K. Therefore, hk = kgh € KH. Thus, HK C KH, and by symmetry,
KH C HK, so that HK = K H. Note that one way of thinking about K being normal in G is that elements
of K “commute” with elements of g at the expense of changing the element of K, i.e., for k,g € G, gk = kog
and kg = gky, for some kg, k1 € K. Of course this is just another way of saying that gK = Kg as cosets.
Now suppose hk € HK. Then
(hk) ' =k'h '€ KH = HK.
If W'k’ € HK, then
(hk)(W'K") = h(kh')K' = h(h'ko)K/,
for some kg € K, which shows HK is closed under the group product. Thus, H K is a subgroup of G. Define
¢:HK - H/(HNK)

by ¢(hk) = h(H N K). To see that ¢ is well defined (since the representation hk is not unique), suppose
hk = hoko. Then, hg'h = kok™' € HN K. Thus, hy'h € H N K, which means h(H N K) = ho(H N K),
so ¢ is well-defined. Then ¢ is clearly a group homomorphism. Moreover, ¢(he) = h(H N K), so that ¢ is
surjective. In addition, ¢(hk) = e(H N K) if and only if h(HNK) = HN K if and only if h € HN K, if and
only if h € K if and only if hk € K. Thus, K is the kernel of ¢, so that part (viii) above gives HK/K is
isomorphic to H/(H N K).

For (ii), it is straightforward to check that K/H is a normal subgroup of G/H. Define
v:G/H = G/K

as, ¥(gH) = gK. This map is well defined, since if gH = goH, then g, 'g € H C K, so that gK = goK. Tt
is easy to check that v is a surjective group homomorphism. Moreover, gH is in the kernel of 1) if and only
ifp(gH) = gK = K if and only if g € K if and only if gH € K/H, so that K/H is the kernel of v). By part
(viii) in the proposition above, (G/H)/(K/H) is isomorphic to G/K. O

Lecture 19: Wednesday October 6. We can apply the results from Proposition 18.1 to introduce a group
theoretic notion that plays a central role in the solvability by radicals theorem. In fact, the group property
of solvability obviously derives from the solvability by radicals setting.

Definition 191.1. A group G is said to be a solvable group if there exists a chain of subgroups
Go=()CGC--CG1CSG, =G (¥

such that each G;_1 is a normal subgroup of G; and the factor group G;/G;_1 is abelian, for all 1 <i < n.
The tower of groups above is called a solvable series for G.

Remarks 19.2. (a) Any abelian group G is a solvable group, since (e) C G is a solvable series. Ss, the
symmetric on three letters, is a solvable group that is not abelian. To see this, if we let 7 denote the 3-cycle
(1,2,3), then H := (7) is a cyclic group of order three, and thus abelian. It is easy to see that H is normal
in S3. Since S3/H is a group of order two, S3/H is abelian. Thus, () C H C S; is a solvable series. It
turns out that the symmetric group Sy is also solvable, but S,,, for n > 5, is not a solvable group. It is this
latter fact that is at the heart of the non-solvability by radicals of polynomials of degree five and higher.

(b) In the early part of the 20th century, the prominent English mathematician William Burnside (see
https://en.wikipedia.org/wiki/William_Burnside) conjectured that any group of odd order must have
a non-trivial normal subgroup, or equivalently, that every group of odd order is solvable. This problem stood
open for almost fifty years until is was solved by group theorists Walter Feit and John Thompson in the early
1960s (see https://en.wikipedia.org/wiki/Feit-Thompson_theorem). The proof of the Feit-Thompson
theorem was approximately 250 pages long and occupied a full issue of the Pacific Journal of Mathematics.
It ushered in a new era in group theory that saw great advances and numerous papers of similar, or greater
length.
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Theorem 19.3. Let G be a group and H, N C G subgroups such that N is normal in G.
(i) If G is solvable, then H and G/N are solvable G are solvable.
(ii) If N and G/N are solvable, then G is solvable.
(iii) If G is finite, then G is solvable if and only if G has a solvable series whose factors are cyclic of prime
order.

Proof. For (i), let G; be the terms in a solvable series (*). If His a subgroup of G, we have
Hoz(e)QGlﬁHQ---QGn,lﬁHQGnﬂH:H. (**)

It is easy to see that G;_; N H is a normal subgroup of G; N H. Moreover, the kernel of the natural map
G,NH — G;/Gi—1 is G;—1 N H. Consequently, we can identify (G; N H)/(G;—1 N H) with a subgroup of
G;/G;_1, and thus each (G; N H)/(G;—1 N H) is abelian. Therefore, the subnormal series (**) is a solvable
series.

Now, let NV be a normal subgroup of G. Then, each NG; is a subgroup containing N and thus each NG;/N
is a subgroup of G/N. We claim that the series

N/N C(GiN)/N C -+ C(NGn-1)/N C (NGp)/N =G/N, (xxx)

is a solvable series for G/N. For this, we first show that each NG;_; is normal in NG,;. Take n1g; € NG;
and nog;—1 € NG;_1. Then

1 1

(n19:) " 'nagi—1(n1gi) = g7 'ny 'nagicinagi = g7 'ny 'nantgicigi = (g5 'ny 'nanlgi)(9;  gi19:),
which belongs to NG;_1, since N is normal in G and G;_1 is normal in G;. Note, nj € N, by our comments
above, so that NG;_; is normal in NG;. Thus, by Corollary 18.3 (ii), (***) is a subnormal series in G/N.
To see that (***) is a solvable series, by Corollary 18.3(ii), it suffices to shows that NG;/NG,;_; is abelian.
For this, it suffices to show that if z,y € NG, then zyz 'y~ € NG;_1. Suppose ni1g:,n292 € NG;. Then

(n191)(n2g2)(n1g1) " (n2ge) ™" = niginagegy 'y gy 'yt

Now, in the last expression above, we may move all of the elements of N to the left of this expression (at
the expense of changing the elements of V) to obtain

(n191)(n2g2)(n191) " (n2g2) ™" = nog1g291 '93 "

for some ng € N. Since G;/G;_1 is abelian, glgggflggl € G;_1, and thus, (n1g1)(n2g2)(n191) " (naga)~
belongs to NG,_1, which is what we want. This finishes the proof of part (i).

1

For part (ii), suppose
(e)=NoCN,C---CN.1CN. =N
is a solvable series for N, and
N/N =Go/N CG1/N C--- CGs-1/N CGs/N =G/N
is a solvable series for G/N. Then by Proposition 18.1 (ix) and Corollary 18.3 (ii),
(e)=N;C---CN,_ 1CN,=NCG C---CG_1CG; =G
is a solvable series for G, and thus G is a solvable group.

Lecture 20: Friday October 8. We continue with the proof of Theorem 19.3. Before doing so, we note that
the following discussion is a consequence of Corollary 18.2.
Discussion 20.1. Suppose H C K are subgroups of the group G, with K normal in H. Suppose
K=KyCK C- - CK,=H

is a sequence of subgroups satisfying K; is normal in K, and K, /K; satisfies property P (e.g., is abelian
or cyclic). Then we have the following sequence in H/K

{e} =Ky/KCK/KyC---CK,/K=H/K
such that each K;/K is normal in K;;/K and the quotient (K;/K)/(K;+1/K) satisfies property P. Con-

versely, suppose we are given the sequence of subgroups

{e}=LoC L1 C---CL,=H/K
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in H/K such that L; is normal in L;;1 and L;;1/L; satisfies property P. The there exists a sequence of
subgroups

K=CcCc---CCy=H
in G such that C;/K = L;, C; is normal in C;+1 and C;41/C; satisfies property P. O

The proof of part (iii) Theorem 19.3 is comprised of repeated applications of the content of Discussion
20.1.

Proof of Theorem 19.3 (iii). Clearly if G has a solvable series whose factors are cyclic of prime order, G
is a solvable group. Conversely, if G is finite, let (*) above be a solvable series. Then each factor G;/G;_1
is a finite abelian group. We will use the fact that a finite abelian group A is isomorphic to a product
Ly X+ -+ X L, of cyclic groups. Note that if A =Z,, x - x Zy_, then upon setting A; = Zy, X -++ X Zy,,

(e)gAlg"'gAs—lgAs:A

is a solvable series for A whose factors are cyclic. Thus, for each 1 <14 <n, if G;/G;_1 = A, for A as above,
we can insert subgroups A; as follows:

Gio1CAC---CA, 1 CA =G,

as in the discussion above, such that each term is normal in the the term following it and any factor in this
chain is cyclic. Doing this for each 1 < ¢ < n means we may expand the series (*) to assume that each factor
is cyclic. If we now show that any cyclic group has a solvable series with factors that are cyclic of prime
order, we may apply this same technique to our new solvable series, expanding it, so that the factors are
cyclic of prime order. To see that a cyclic group C has a solvable series whose factors are cyclic of prime
order, it is more convenient to write C' using multiplicative notation, so assume C' = (a), with " = e and no
smaller power of a is the identity. Write the prime factorization of n as n = p{* ---ptr. Then the following
is the required solvable series for C"

er—1 er—2 er—1 ep—1—1 el

(e) C <ap§‘1~~p,,, ) C <ap‘{1~~~p,, yC ook C <ap§1~~pr,1 ) C <apf1~'pr,1 YC - Clah' ) C -

- C (aP*) C (a).

O

Discussion 20.2. Let G be a group, and a € G. If there exists k > 1 such that a* = e, then we define the
order of a to be the least positive n such that a” = e. We will write o(a) = n. Suppose a* = e. If we write
k=nm+4r, with 0 <r < n, then

ezak — gmntr — (an)m_ar —e™.q" = d".
This is a contradiction to the choice of n, unless r = 0. Thus, o(a) divides any integer k such that a* = e.
Suppose o(a) = n. Then it is easy to check that the subset {e,a,...,a" '} is in fact a subgroup of G, and
we denote this subgroup as (a), and call it the cyclic subgroup of G generated by A. Since |{(a)| = n, by
Lagrange’s Theorem n divides |G|, if G is a finite group. Thus, the order of an element of a finite group
divides the order of the group. O

Lecture 21: Wednesday October 13. We now would like to discuss the finite symmetric groups.

Definitions and Notation 21.1. (a) For the positive integer n, we let X,, (or just X, if n is already
established) denote the set {1,2,...,n} and S,, denote the set of 1-1 and onto functions from X,, to itself.
Since any 1-1 and onto function has an inverse under composition, and composition of functions is associative,
it follows that S, is a group under composition. Moreover, since we can think of a 1-1 function from X, to
itself as a permutation of the elements of X, - in fact one often refers to an an element of \S,, as a permutation
- it follows that |S,| = nl. We call S,, the Symmetric Group on n objects or the Group of permutations of
the set X,,.

(b) Let o € Sy, then o(1) = 41,0(2) = 42,...,0(n) = in, where X,, = {i1,42,...,in}. We will use the
2 DR n

standard notation o = ( Since the elements of S, are to be regarded as functions, if

11 Z.2 T in
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we write o1, for o,7 € S,, then we apply 7 before o. For example, in Sy, if 0 = (1 23 4) and

(123 4 . (1 2 3 4
T2 3 4 1)p"M"7=\2 1 4 3)

(c) Suppose for 1 < k < n, there exist distinct elements iy, 14, ...,ix € X,, with
o(ir) =iz, 0(i2) = 13,...,0(ik—1) = ix,0(ix) = i1 and o(j) = j for j & {i1,...,ix}.

We call o a k-cycle and write o = (i1,142,...,7;). In this case, it is easy to check that o(o) = k. A 2-cycle is
often referred to as a transposition. Note that in (b) above o = (1,3),7 = (1,2, 3,4) and o7 = (1,2)(3,4). O

Example 21.2. Let us look closely at S5. Consider 7 := (1,2, 3) and o := (1,2). It follows that 72 = (1, 3, 2),
73 =id = 0. Thus, id, 7,72, 0 are four distinct elements in S3. We also have: o7 = (2,3) and 072 = (1, 3).
Thus, {id, 7, 7%,0,07,07%} are the six distinct elements of S3. So, S3 has three elements of order two and
two elements of order three. There is also the relation 7o = o72 that enables one to write any product
whatsoever of elements from S, in the form of one of the six elements we have just listed. Note that if we

multiply this last equation by 7 we get 720 = 1072 = 07272 = or. For example what group element is

146771095727 Using the identities we have established, we have

7'140'77'100'7'2 = T20'TO'T2

=orT0T?

=or%07?

0'0'7'7'2

=1d.

What about normal subgroups of S3? K := (r) = {id, 7,72} is a subgroup of order three, and thus has index
two, and so is a normal subgroup. On the other hand H := (o) = {id, o} is a subgroup that is not normal.
For example, TH = {7,70} = {7,072}, while HT = {7,07}. It is now easy to check that K, H, Hy := (o),
and Hj := (07?) are the only proper subgroups of S5 and that K is the only proper normal subgroup. [

Imagine a set of cards numbered 1 through n lined up on in order a long table. Professor Cauchy comes
up to the table and rearranges the cards in any way he likes. Can Galois achieve the same rearrangement
simply by interchanging two cards at a time? Intuitively, this seems possible. The following fundamental
proposition proves this.

Proposition 21.3. FEvery element in S, can be written as the product of disjoint cycles. Moreover, every
element in S, can be written as a product of (not necessarily disjoint) transpositions.

Proof. We say that the two cycles (iy...,i;) and (j1,...,Jk) are disjoint if the sets {i1,...,ir} and
{j1,...,Jjr} are disjoint. Now, let o0 € S,,. We define an equivalence relation, that depends upon o, on
X, by i ~ j if and only if j = 0°(¢) for some s > 0. Clearly ¢ ~ 4. If j = 0°(¢), Then if o(c) = r, choose ¢
such that s +c¢ = r. Then 0¢(j) = i. Thus, i ~ j implies j ~ i.. Finally, if j = 0*(i) and k = o'(j), then
k = o*Tt(i) which gives the transitive property of the relation, ~, which is therefore an equivalence relation.

Now fix i € X, and assume (i) # i. Note that since o™ = id for some n, there is a least positive integer
dy such that 0% (i) = i. So that if e > dy, we may write e = dih + 7, with r < dy, so that ¢°(i) = o"(i).
Thus, the equivalence class of 4 is the set {i,0(i),...,0%71(4)} and 7y = (i,0(i),...,0171(4)) is a di-cycle
corresponding to this class. Now, if X’ is any other equivalence class consisting of more than one element,
then for j € X', we can write X' = {j,o(j),...,0%~1(j)}, for some dy > 1, and thus X’ corresponds to the

do-cycle 7 = (j,0(j),...,0%71(4)). Continuing in this way, we can represent each equivalence class X,
with dj, > 1 elements, as a dj-cycle. Those classes that have a single element correspond to elements fixed by
o. It now follows that if X;,..., X, are the distinct equivalence classes with d; > 1 elements, for 1 < h <,

and 7, is the corresponding dp-cycle, then o = 7,75 - - - 7. Since the equivalence classes are disjoint, we have
written o as a product of disjoint cycles.
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To see that any o € S,, is a product of transpositions, by what we have just shown, it suffices to show that
any cycle is a product of transpositions. Suppose 7 = (i1,42,...,ix). Then it is easy to check that

T = (i1, %) (01, ik—1) - - - (41, 94) (41, 93) (41, 72). O

Question. Returning to the long table with the set of cards numbered 1 through n. After Professor
Cauchy has made the initial rearrangement, can Galois also make the same arrangement by interchanging
two adjacent cards at a time?

Remark 21.4. We make a couple of comments concerning the previous proposition. The first, is that since
disjoint cycles commute, when we decompose o € S,, as a product of disjoint cycles, we get the same element
of S, if we interchange the cycles in the given decomposition. However, that decomposition is unique up
to permutation of the terms in the decomposition, since the equivalences classes of an equivalence relation
are uniquely determined by the set and the given equivalence relation. The second is that when we write
o € S, as a product of transpositions, this decomposition is not unique, e.g., (1,3) = (1,2)(2, 3)(1, 2), but its
parity is unique. In other words, we cannot write o as a product of an even number of transpositions in one
decomposition and then write o as a product of an odd number of transpositions in another decomposition.
This is a fundamental fact about the elements of S,,.

Definition-Theorem 21.5. An element o € S,, is said to be an even permutation if it can be written as a
product of an even number of transpositions. Otherwise o is said to be an odd permutation. This definition
is well defined.

Proof. We use permutation matrices to show that the definitions of even and odd permutations are well
defined. Fix o € S,,. Let A, be the matrix obtained from I,,, the xn identity matrix, by interchanging
its rows according to o In other words, if Ry, Rs,... R, are the rows of I, we let A, denote the matrix

whose rows are Ry(1), Ry(2), - - > Ro(n)- Thus, the ith row of A, has 1 in the o(i)th column, zero elsewhere.
01 00
. (1 2 3 4 10 0 0 1 . ]
For example, if ¢ € Sy and 0 = (2 4 3 1>, then A, = 001 0l Now, it is easy to see that
10 0 0
ai Qg (1) by ai
az U (2) U b2 az
A, . | = . . Keeping this in mind, let us set b; := ag(;y, sothat | . | = As-| . |. For7 € 8y,
Gnp QAo (n) bn Qnp
b br(1)
b br(2) . .
we have A, - | . | = . . However, the equation b; = aq(;) for all j means that b.;) = ay(r@;)). In
bn bT(n)
by Qo (r(3))
b To (r(2))
other words, A, - | . | = . . And thus,
bn g (r(n))
ay QAo (7(3)) ai
az Ao (7(2 a2
ATAU : . = (( ) = Aa'r
(2% Ao (7(n)) 2%
a1

a2
Since this holds for all | . | (in say, Q™), we have A; A, = A,.

Qn
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Now suppose ¢ € S, and 0 = 7175 - - - T-, where each 7; is a transposition. Then
det(A,) = det(Ar,...;,.) =det(A,, - Ay) =det(A,,)---det(A,,) = (1),

since clearly each det(A4,,) = —1. If we can also write o as a product of s transpositions, then the same
argument shows that det(A,) = (—1)%, and thus (—1)" = (—1)%. It follows that either both r and s are
even, or both r and s are odd. Therefore, no permutation in S,, can be written both as a product of an even
number of transpositions and an odd number of transpositions. O

Clearly the inverse of an even permutation is an even permutation and the product of two even per-
mutations is an even permutation. Thus, the set of even permutations forms a distinguished subgroup of
Sh.

Definition-Proposition 21.6. The set of even permutations in .S, is subgroup, denoted A,,, and called
the alternating group on n objects. [Sy, : A,] = 2, and therefore A4,, is a normal subgroup of S,,.

Proof. We just have to show [S,, : A,] = 2. Set 0 := (1,2). Then 7 € S, is an even permutation if and only if
o is an odd permutation. Thus, the function f : A,, — {Odd Permutations} defined by f(7) = o7 is 1-1 and
onto, since if v is an odd permutation o is even and therefore f(oy) = 7. Since every element of S, is either
even or odd, it follows that half of the elements of S,, are even permutations, and thus [S,, : A,] = 2. |

Lecture 22: Friday October 15. We now come to a theorem that plays an important role in the theory
of solvability by radicals. Recall that a group G is said to be a simple group if it has no proper normal
subgroups, i.e., its only normal subgroups are {e} and G.

Remark 22.1. (i) The only finite abelian simple groups are the cyclic groups of primes order. Indeed, if
G is a finite abelian group, every proper subgroup is a normal subgroup, so that G can only be simple if it
has no proper subgroups. Since a finite abelian group is a product of cyclic groups, a finite simple abelian
group must be a cyclic group, and if it has not proper subgroups, it must be cyclic of prime order.

(ii) There are no non-abelian simple groups of order less than 60. Up to isomorphism, Aj is the only simple
group of order 60.

Theorem 22.2. Forn > 5, A, is a simple group.
Proof. The proof proceeds in four steps.

Step 1. We first note that A,, is the subgroup of S,, generated by the set of all 3-cycles. To see this, if (u, v, w)
is a 3-cycle, then (u,v,w) = (u,w)(u,v), so that every 3-cycle belongs to A,. Conversely, every element of
A, is a product of permutations of the form (u,v)(s,t) or (u,v)(u,s), for distinct elements u, v, w,s € X,.
But, (u,v)(s,t) = (u,s,v)(u,s,t) and (u,v)(u,s) = (u,s,v), which shows that A, is the subgroup of S,
generated by the set of 3-cycles.

Step 2. Fix 1 < a # b < n. Then A, is generated by the 3-cycles of the form (a,b,c) with ¢ € X,,\{a, b}.
To see this, let us note that any 3-cycle is of the form: (a,b,u), (a,u,b), (a,u,v),(b,u,v),or(u,v,w), for
a, b, u, v, w distinct elements of X,,. However, direct calculation shows that

(a,u,b) = (a,b,u)?
(a,u,v) = ( )(a,b,u)?
(b,u,v) = (a,b,v)*(a,b,u)
) = (a,b,u)?(a,b,w)(a,b,v)?(a,b,u),

a,b,v

(u,v,w
which gives what we want.

Step 3. If N is a normal subgroup of A,, and N contains a 3-cycle, then N = A,,. To see this, let (a,b,u) € N
be a 3-cycle. Then, by Step 1, it suffices to show that (a,b,c) € N, for all ¢ € X,,\{a,b}. However, using
that (a,b)(u,c) is its own inverse, we have

{(a,b)(u, ) }a, b, u)*{(a, b) (u, )} ™" = (a, b)(u, )(a, b, u)*(a, b)(u, ¢) = (a,, ),

which belongs to N since N is normal in A,.
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Step 4. If N is a normal subgroup of A,,, then N contains a 3-cycle. This is the hardest step, and requires
consideration of several cases, where we analyze the decomposition of o € N into a product of disjoint cycles.

Case (a). N contains an element o of the form o := (i1,...,i;)7, where k > 4 and 7 is a product of disjoint
cycles, each of which is disjoint from (i1, ...,ix). Set 7 := (i1,42,43). Then o~ !(yoy~!) € N. However,
071(70—771) = Tﬁl(ila ika ikflv cee 77;2)(2.1; i27 7;3)(2.1) v aik)T(ila i37 7’2) = (7:17 7’.37 Zk)a
which shows that N contains a 3-cycle.
Case (b). N contains o = (i1, i2,%3)(i4,%5,%6)7, a product of disjoint cycles. Set v := (i1,42,74). Then
o~ 1(yoy~1) € N. However,
o~ (yoy™h) = 77 (i, o, 05) (i1, B3, 82) (i1, B2, 1a) (i1, B2, 13) (ia, G5, 6) T (i1, 44, G2) = (i1, 44, 42, 6, 83),
and thus, N contains a 5-cycle. By Case (a), N contains a 3-cycle.
Case (c¢). N contains o = (i1,12,i3)7, where 7 is a product of disjoint 2-cycles, disjoint from (i1, iz, %3). Then
0% € N, and since disjoint cycles commute,
0% = (i1,i2,i5)°7% = (i1,42,13)* = (i1, 13, 72),
so N contains a 3-cycle.

Case (d). One of the previous three cases must hold. If not, then every element of N is a product of an even
number of disjoint 2-cycles. Let o € N, and write o = (i1,142)(i3,14)7 be the cycle decomposition of o. Set
7y = (i1, 12,13), so that o~ !(yoy~!) € N. However,

o (yoy™Y) = 77 (iay i) (i1, 62) (i, 2, 83) (i1, 62) (i3, 6) T (i 3, B2) = (i, 43) (i, 7).
For ease of notation, set « := (i1,43)(i2,%4) € N.
Since n > 5, there exists j € X,,\{i1,...,is}. Set B := (i1,i3,j) € A,. Then, afaf~! € N. However,

afaf™t = (i1, is)(ig, ia) (i1, 73, §) (i1, 13) (iz, 14) (i1, j, i) = (i1, 13, J),

showing that NV contains a 3-cycle. But this is a contradiction, because any 3-cycle is the product of two
2-cycles that are not disjoint.

All possibilities for cycle decompositions that can occur have been covered by the cases above, thus N must
contain a 3-cycle. It follows immediately from Steps 1,2,3 that A,, cannot have a proper, normal subgroup,
and therefore, A,, is a simple group. a

Corollary 22.3. For n > 5, neither A, nor S, are solvable groups.
Proof. By the previous theorem, A,, is not solvable for n > 5. By Theorem 19.3, \S,, is not solvable. |

The following corollary to Theorem 22.2 illustrates a technique that is very useful when studying whether
or not groups of small order (say, order less than or equal to 168) are simple.

Corollary 22.4. Suppose n > 5. Then A, is the only non-trivial normal subgroup of S,,.

Proof. Let N C S,, be a non-trivial normal subgroup. Then N N A, is a normal subgroup of A, and
therefore, NN A,, = A, or NN A,, =e. In the first case, A, C N. Since [S, : A,] = 2, this forces A, = N,
since N # S,,. Suppose N N A,, = e. Then, since N is normal in S,,, NA,, is a subgroup of S,, properly
containing A,. Since [S, : A,] = 2, we have S,, = NA,,. Using problem 6 from Homework 3, we have

IN|-|Aa] _ [N 5

INNA, 1 7

which implies that |N| = 2. Thus, N = {id, o}, for o € S,, having order two. Since N is normal, we have
Tor ' € Nforall 7 € S, If ror~! = e, then 0 = e, so we must have 707! = ¢, for all 7 € S,,. In other
words, 7o = o7, so that ¢ commutes with every element of S,,. However, when n > 3, no e # o € S,, has
this property. To see this, suppose o(i) = j, with i # j € X,,. Take 7 such that 7(i) = i and 7(o(j)) # J.
Then j = o7(i) and 7(0(5)) # j, so that o7 # 70. O

nl = |S,| = [NA,| =

Remark 22.5. The classification of finite simple groups was mostly carried out during the latter quarter
of the 20th century, with finishing touches applied during the early part of this century. Roughly speaking,
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any finite simple group belongs to one of three infinite families (e.g., A,, n > 5, is one such family) or
belongs to a list of 26 so-called sporadic simple groups, the latter being simple groups not part of any infinite
family. Initially, the very idea that such a classification could even exist seemed improbable. Ultimately,
the classification of finite simple groups was the result of a monumental effort on the part of scores of
mathematicians, resulting in a proof of thousands of pages scattered among dozens of journals. The project
was conceived, initiated, and organized by D. Gorenstein in the mid 1970s. Gorenstein was a leading group
theorist in the last half of the 20th century, even though he did his PhD thesis at Harvard in algebraic
geometry under Oscar Zariskil Major contributors to the effort included J. Thompson, W. Feit, M. Suzuki,
M. Aschbacher (especially), R. Lyons, Z. Janko, R. Solomon, and many others. There are many expository
(and not so expository!) articles one can find on the internet. I have uploaded to the Supplementary Materials
folder in Blackboard a particularly nice article written by Ron Solomon. Aside from having a great photo of
Gorenstein, the article is important, because Solomon and Aschbacher are the principal architects of the so-
called second generation proof, which is an effort devoted to simplifying the classification proof, and putting
it all into one location, the latter meaning a collection of volumes which all together comprise a complete
proof.

Lecture 23: Monday October 18. We now turn to a new topic that will enable us to prove the important
Sylow Theorems for finite groups. This topic concerns group actions. The basic idea is that a group G
acting on a set X provides a way to multiply elements of the set X by elements of the group G. This is a
very powerful concept.

Definition 23.1. Let G be a group and X a set. We say say that G acts on X if there is a function
¢: G x X — X such that:

(i) d(e,x) =z, for all z € X.

(i) ¢(ab,z) = ¢(a, (b, x)), for all a,b € G and = € X.
We will follow the standard convention of writing az instead of ¢(a,x), for a € G and = € X. Thus, the
properties above become:

(i) ex =z, for all x € X.
(ii) (ab)x = a(bx), for all a,b € G and = € X.

Observation 23.2. Suppose G acts on the set X. Then for any a € G, the set map f, : X — X defined
by f.(x) = az, for all z € X, is a one-to-one and onto function. To see this, suppose f,(z1) = fo(z2),
then ax; = axy. Multiplying by a~!, we have a~(ax;) = a~!(awxy), and thus, (a~'a)r; = (a7 'a)xs, so
ex1 = exs, which gives 1 = 9, 50 f, is one-to-one. Suppose 2 € . Then a 'z € X and we have

fala™'z) = a(a™z) = (aa™Hz = ex =

which shows that f, is onto. Therefore, f, can be regarded as a permutation of X. In particular, when a
group G acts on the set X, the elements of G permute the elements of X. We can do more, as the next
important proposition shows.

Proposition 23.3. Assume the group G acts on the set X, and denote by Sx the group of one-to-one and
onto functions from X to itself, so that if | X| =n, Sx = S,. The function ¢ : G — Sx defined by ¥(a) = f,
is a group homomorphism.

Proof. As we have seen above f, € Sx, so the function 1) makes sense. Suppose b € G. We want to see that
Y(ab) = 1 (a)y(b), in other words, the function f,; should equal the function f, f. Take x € X, then

fav(z) = (ab)x = a(bx) = afy(z) = fo(fo(2)).
Since x € X is arbitrary, we have fu;, = f,fp, which is what we want. |

We now give several examples of groups acting on set. In all of these cases it is easy to check the
requirements needed in Definition .

Examples 23.4. (a) If X is any set, then clearly Sx acts on X. In particular, S,, acts on the set X,,.

(b) Let G be a group. If X = G, then the group multiplication gives an action of G on X In other words, G
acts on itself via left (or right) multiplication. Note that in this case, the map ¢ : G — Sx from Proposition
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is injective. To see this, suppose a € G and f, = id. Therefore, f,(z) =z, for all z € X, i.e., ax = x for all
x € G. Taking x = e, we have a = e. Thus, in this case, 9 is a one-to-one group homomorphism. Therefore,
we have:

Cayley’s Theorem. Let G be a finite group of order n. Then G is isomorphic to a subgroup of S, .

(c) There is another important way that a group G can act on itself. Namely, via conjugation. So, if we set
X =G and take a € G, z € X, we define ax := axa™'. Note that exe ! =z, for all z € G and

(ab)x = (ab)z(ab)™t = a(bzb™Ha™' = a(bx),
so that conjugation is an action of G on itself.

(d) Let G be a group and H as subgroup. Let X := {goH }oca be the set of distinct left cosets of H in G.
For a € G and g, H € X, we define the action a(goH) := agoH. This clearly defines an action of G on X.
In this case we say that G acts on the left cosets of H via translation. We obtain a similar action on the
right cosets of H in G.

(e) Let G be a group and suppose G has a subgroup H with n elements. Then for any a € G, aHa™ ' is a
subgroup of G with n elements. If we let X denote the set of all subgroups of G with n elements, then G
acts on X via conjugation.

(f) Let F be a field, and Gl,(F) be the group of n X n invertible matrices over F. If we let X denote
the vector space F™ of column vectors of length n, then Gl,(F) acts on X in the usual way via matrix
multiplication: If A € Gl,,(F) and v € X, then Av = A - v.

(g) Let G be a group and suppose there exists a group homomorphism ¢ : G — Gl,(F'). Then G acts on
F"™ via ¢. In other words, for a € G and v € F", we define av := ¢(a) - v. This action forms the basis of the
Representation Theory of Groups, since we call the map ¢ a representation of G.

(h) In a vein similar to the previous example, let G be a group, suppose X is a set and there is a group
homomorphism ¢ : G — Sx. Then G acts on X via ¢, i.e., we define az := ¢(a)(x), foralla € G and z € X.
It is easy to verify that this definition meets the requirements of a group action. It should now be clear that
to give an action of the group G on the set X is equivalent to giving a group homomorphism ¢ : G — Sx.

(i) If H is a subgroup of G and G acts on X, then clearly H acts on X.

(j) Suppose the group G acts on the set X, and N is a normal subgroup of G such that nz = z, for alln € N
and x € X. Then G/N acts on X as: (aN)z := ax, where az is the action of ¢ on z. To see this action is
well defined, suppose alN = bN, then a = bn, for some n € N. Therefore, for all z € X,

azx = (bn)x = a(nx) = bz,
so the action of aN on X is well defined. That this now satisfies the requirements of an action should be
clear: (i) eN is the identity in G/N and (eN)z = ex =z, for all z € X. If aN,bN € G/N, then
(aNbN)z = (abN)z = (ab)x = a(bx) = a((bN)x) = aN((bN)zx),
as required. This action of G/N on X is sometimes called the induced action of G/N on X.

Before developing some general properties of group actions, let us give a nice application of what we have
seen so far.

Theorem 23.5. Let G be a finite group with subgroup H. Assume that [G : H| = p, where p is the smallest
prime dividing the order of G. Then H is a normal subgroup of G.

Proof. By (d) above G acts on the set of left cosets of H, and consequently, by Proposition, there exists a
group homomorphism from ¢ : G — S,. Now suppose K is the kernel of ¢. Then for a € K, ¢(a) = id, which
means, by definition of the action, a(gH) = agH = gH, for all cosets gH of H. In particular, aH = H, so
a € H. In other words, K C H. We claim H = K, which will show that H is normal in G. We have
Gl _ H]-p
T
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Since G/K is isomorphic to the image of ¢, which is a subgroup of S, it follows that “‘Lﬁ"p divides p!.

Therefore % divides (p — 1)!. However, if % # 1, since any prime dividing % divides |G|, such a prime

must be greater that or equal to p. But clearly no such prime divides (p — 1)!. It follows that % =1, and

therefore H = K, as required.

Lecture 24: Wednesday October 20. We now discuss some general concepts related to group actions.

Definitions 24.1. Assume the group G acts on the set X. (a) For x € X, {g € G | gz = x} is called the
stabilizer of ©. We will denote this set by G,.

(b) Given z € X, we define the orbit of x to be the set {gz | g € G}. We denote the orbit of z by orb(x).

Proposition 24.2. Assume the group G acts on the set X.

(i) G, is a subgroup of G, for all z € X.
(ii) X is a disjoint union of its distinct orbits.
(iii) For any « € X, there is a one-to-one and onto correspondence between the elements of orb(x) and the
distinct left cosets of G, in G. In particular, if either of these sets is finite, then |orb(x)| = [G : Gy].
(iv) If G is finite, then |orb(x)| divides |G|, for all x € X.

Proof. For (i), fix x € X. if a,b € Gy, then (ab)z = a(bx) = ax = x, which shows that ab € G,. Moreover,

a~tr =a"Y(az) = (a ta)x = ex = z, which shows a~! € G,. Therefore, G, is a subgroup.

For (ii), take x1,z9 € x. If y € orb(zq)[orb(zs), then g121 = y = gaxo, for some g1,g2 € G. Therefore,
r1 = g; ‘g2, which shows that x; € orb(z;). Thus, gz; € orb(x;), for all g € G, which implies that
orb(z1) C orb(zs). By symmetry we have orb(z2) C orb(z1) and thus, orb(z1) = orb(zz). This shows that
given any two orbits, they are either disjoint or equal. Since every element of X belongs to an orbit, we
have that X is the disjoint union of its distinct orbits. Of course, we could also obtain this by defining an
equivalence relation on X by saying two elements of X are equivalent if they lie in the same orbit. In which
case, the distinct equivalence classes are the distinct orbits, which then gives the result.

For (iii), fix z € X and let {go Gz }aca be the distinct left cosets of G, in G. Certainly, each g,2 belongs
to orb(z). Moreover, these elements are distinct, since if go, & = gq,%, then g;zlgazx = z, which means
g;;gal € Gy, and thus g4, Gz = ga,G,. In addition, if gz € orb(z), g belongs to a coset g,G., so we may
write g = gago, for go € G,. But then, gr = g,goxr = gox. Thus, the function from distinct left cosets of G,
in G to orb(z) defined by go,G» — ga is one-to-one and onto. The second part of (iii) follows immediately
from this.

Part (iv) follows immediately from (iii) since [G : G| divides the order of G. O
The following corollary is an immediate consequence of Proposition 24.2, but it has numerous powerful
consequences.

Corollary 24.3. Let G be a finite group acting on the finite set X. Let orb(xy),. .., orb(x,) be the distinct
orbits of X. Suppose that fori=1,...,r, lorb(z;)| =1 and forr+1 <i<mn, |orb(z;)| > 1. Here we allow
forr=0 orr=mn. Then:

| X|=r+ Z lorb(z;)| = r + Z (G : Gy,]. O

i=r+1 i=r+1

Definitions and discussion 24.4. Let the group G act on itself via conjugation. If @ € G, then the orbit
of a under this action is the set of all gag™!, such that ¢ € G. In this case, we refer to the orbit of a as
the conjugacy class of a. Any element of the conjugacy class of a is called a conjugate of a. We will write
C'(a) for the conjugacy class of a. Note, that by the proposition above |C(a)| divides |G|, if G is a finite
group. Suppose g € G belongs to the stabilizer of a. Then gag~' = a, so that ga = ag. In other words,
g € G, if and only if g commutes with a. In this case we write C(a) instead of G, and refer to Cg(a) as
the centralizer of a in G. Finally, note that |C(a)| = 1 if and only if C(a) = a if and only if g~lag = a
for all g € G, i..e, a commutes with every element of G. We call the set of such elements, the center of G,
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and write Z(G) to denote the center of G. It is completely straight forward to check that Z(G) is a normal
subgroup of G.

The following fundamental equation now follows immediately from the previous corollary.

The Class Equation. Let G be a finite group. Then

Gl = 1Z(@)|+ 3 C(a)] = |Z(6)] + 36 s Cola)

where the sum is taken over all conjugacy classes containing more than one element. O

The following theorem shows the power of the class equation, which is really an immediate consequence
of the corollary above.

Theorem 24.4. Let G be a group, with |G| = p™, where p is a prime number and n > 1. Then:

(i) Z(G) # {e}.
(ii) G is a solvable group.

Proof. From the class equation we have p™ = |Z(G)|+_, |C(a;)|, where the sum is taken over all conjugacy
classes containing more than one element. Thus, each |C(a;)| is divisible by p, since each |C(a;)| divides |G].
But this forces |Z(G)| to be divisible by p, so that Z(G) # e.

For part (ii), we induct on n. If n = 1, then G is cyclic of order p and clearly solvable. Suppose n > 1. If G
is abelian, there is nothing to prove. Otherwise by (i), Z(G) is a group of order p”, with 1 < r < n. Now,
Z (@) is solvable since it is abelian. On the other hand, |G/Z(G)| = p™~", so by induction, G/Z(G) is also
solvable. Therefore, G is solvable, by Theorem 19.3. O

Discussion and Definition 24.5. We want to now turn to the most important theorems in the elementary
aspects of finite group theory, the Sylow theorems. The first of these theorems provides the best possible
converse to Lagrange’s Theorem. A full converse to Lagrange’s Theorem would say that if G is a finite
group and the positive integer m divides |G|, then G has a subgroup of order m. Unfortunately, this is false.
However, it is true if m is a power of a prime number. The first step along the path to the Sylow theorems

is the following theorem due to Cauchy, whose celebrated proof is due to J. McKay.

Cauchy’s Theorem. Let G be a finite group and suppose p is a prime dividing |G|. Then G has an element
of order p.

Proof. Let X denote the set of all p-tuples (aq,...,a,) of elements of G such that a; - --a, = e. Note that
if |G| = n, then |X| = nP~1, since we may freely choose the first p — 1 coordinates of an element of X, and
the last coordinate is determined by the equation a; ...ap—1a, = €.

We now note that additive group Z acts on X by cyclically permuting the entries of an element of z. In
other words, for t € Z, if t > 0, ¢ acts on (a1,...,a,) by moving each entry forward by ¢ positions. If ¢t < 0,
move each entry in reverse by |¢| steps.

Note that if [t| > p, we can write t = pg+ r, with 0 < 7 < p, and the action of r and ¢ agree on the elements
of X, since p moves forward (or backward) does not change any element of X. Writing “ ” for the action,
we then have

t-(a1,...,ap) =7-(a1,...,0p) = (Gp—r, Gp—rt1, " ,Gp, 1, -+, Qp_r—1).
Note that 7 - (a1,...,ap) € X, since if a1 - - - ap—r—1ap—r - - - ap = €, then
RS T |
aj - apf’r‘fl = ap .. a‘p—’r‘

which implies
ap—T‘ e apal N ap—’r‘—l =e,
which gives - (a1, ...,a,) € X. Thus, it follows at once that Z acts on X.

Now, any element of pZ fixes the elements of X, so by Example 23.4 (j) Z, acts on X - and the action is

the same as the Z action. By Proposition 24.2(iv), the order of any orbit divides |Z,| = p, thus, the order

of any orbit, when Z, acts on X, is either 1 or p. On the other hand, for x € X either all coordinates of

are the same, in which case the orbit of x has one element, or at least two coordinates in x differ, in which
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case the orbit of z has p elements. So, if there are r orbits consisting of one element and s orbits consisting
of p elements, we have r + sp = n?~!. Since p divides n, p must divide . Thus, the number of orbits with a
single element is a multiple of p and therefore, certainly greater than one. But each such orbit corresponds
to a p-tuple of the form (a,a,...,a) such that a---a = a? = e. Since o(a) must divide p, we have o(a) = p.
Therefore, G has (at least p — 1) elements of order p. O

Lecture 25: Friday October 22. We begin with a definition.

Definition 25.1. Suppose G is a finite group and p is a prime number dividing |G|. Assume that p™ is the
largest power of p dividing |G|. A subgroup P of G having order p” is called a Sylow p-subgroup of G. The
first Sylow theorem will tell us that Sylow p-subgroups always exist. The second and third theorem relate
to the number of Sylow subgroups and their relationship via conjugation.

First Sylow Theorem. Suppose G is a finite group and p is a prime dividing |G|. Then G contains a
Sylow p-subgroup.

Proof. Suppose |G| = p™m, where p does not divide m. We induct on |G|. The base case is |G| = p, and
in this case there is nothing to prove. Now suppose the result is true for groups of order less than pm. If
n = 1, then by Cauchy’s Theorem, there exists a € G having order p, and thus (a) is a Sylow p-subgroup.

Suppose n > 1. If G has a proper subgroup H whose index is not divisible by p, then |H]| is divisible by

p™, so by induction H has a subgroup of order p”, which is also a Sylow p-subgroup of G. Otherwise, every

proper subgroup of G has index divisible by p. It follows from the class equation that |Z(G)| is divisible

by p. Let a € Z(G) be an element of order p. Then (a) is a normal subgroup and |G/(a)| = p"~!'m. By

induction, G/(a) has a Sylow p-subgroup. By Corollary 18.2, this Sylow subgroup is of the form P/{a}, for
1

P a subgroup of G containing (a). But now, p"~! = |P/{a)| = 5 - |P[, which shows that |P| = p", which is

what we want. U

Corollary 25.2. Let G be a finite group and suppose p is a prime dividing |G|. Write |G| = p"m, with
p1m. Then G has a subgroup of order p*, for all 1 < i < n. In fact, if P is any Sylow p-subgroup of G,
then P has a subgroup of order p* for all 1 <i < n.

Proof. Sylow p-subgroups exist by the First Sylow Theorem. Thus, it suffices to prove the second statement.
Let P be a Sylow p-subgroup of GG. The conclusion of the corollary holds for ¢ = 1 by Cauchy’s Theorem.
We may therefore assume 1 < ¢ < n. By Theorem 24.3, Z(P) # {e}. By Cauchy’s theorem, there exists
a € Z(P) having order p, so that |P/(a)| = p"~!. By induction (say on n), P/(a) contains a subgroup of
order p'~!. By Corollary 18.2, this subgroup is of the form H/{a) for a subgroup H of P containing (a).

But now, p'~! = |H/(a)| = % - |H|, which shows that |H| = p, which is what we want. O

We need the following lemma in order to prove the second and third Sylow theorems.

Lemma 25.3. Let H be a group of order p*, where p is prime and assume H acts on X. Let r denote the
number of orbits with one element. Then |X|=r (mod p).

Proof. By Corollary 24.3, |X| =7+ >_;" ., |orb(a;)|, where the sum is taken over the distinct orbits with
more than one element. Since each |orb(a;)| divides |H| = p°, p divides each |orb(a;)|. Thus, p divides
> .1 lorb(as)|, which gives what we want. O

Second Sylow Theorem. Let G be a finite group and p a prime dividing |G| with |G| = p"m and p t m.
Suppose that H is a subgroup of G with |H| = p”, so that 1 < r < n. Let P be any Sylow p-subgroup of G.
Then there exists a € G such that H C aPa~'. In particular, any subgroup of order p" is contained in a
Sylow p-subgroup and any two Sylow p-subgroups of G are conjugate.

Proof. Let X the set of left cosets of P, so that |X| = [G : P]. Therefore pt|X|. Now let H act on X via
left translation, i.e., h(aP) = haP, for all h € H and aP € X. Letting r denote the number of orbits with
one element, we have by the previous lemma, that |X| = r (mod p). It follows that r # 0. Thus, there exists
a coset aP whose orbit under the action of H consists only of aP. Therefore, haP = aP, for all h € H. In
particular, ha € aP for all h € H, and therefore h € aPa~!, for all h € H, which gives what we want.

39



Now, let P;, P, be two Sylow p-subgroups. Then P; C aPya~!, for some a € G. Since P; and aPya~' have
the same number of elements, P; = aPya~!, and the proof is complete. O

Third Sylow Theorem. Let G be a finite group and p a prime dividing the order of G. Then the number
of Sylow p-subgroups divides |G| and is congruent to 1 modulo p.

Proof. Let X be the set of Sylow p-subgroup and take P € X. For the first statement, G acts on X via
conjugation, and by the Second Sylow Theorem, X = orb(P). Thus, |X| = |orb(P)|, which divides |G|.

For the second statement fix P € X and let P act on X via conjugation. Then orb(P) = {P}. On the other
hand, suppose @ € X and orb(Q) = Q. Then pQp~! = @, for all p € P, so that pQ = Qp, for all p € P.
It follows, that as subsets of G, PQ = QP. But this implies that PQ is a subgroup of G (by problem 6 on
Homework 3). Suppose p" = |P| = |Q|. Then

|P|- Q) p*"
POl = = .
FOI="T5rq ~Pnal

Since |PQ| divides |G| and p™ is the largest power of p dividing |G|, it follows that |P N Q| = p™. In other
words P = Q. Thus, {P} is the only orbit of order one, and therefore by Lemma 24.3, | X| =1 (mod p). O

Here are some examples illustrating how one can use the Sylow theorems to show that certain groups of
small order are not simple. A deeper application of these techniques will be used in our proof showing that
As is (up to isomorphism) the only simple group of order 60.

Examples 25.4. In each of the examples below, we show that G must have a non-trivial normal subgroup.

(a) |G| = 136 = 23 - 17. The number of Sylow 17-subgroups must divide 136 and be congruent to 1 mod 17.
No multiple of 17 is congruent to 1 mod 17, which leaves 1, 2, 4, 8 as possible divisors. But neither 2, 4, 8
are congruent to 1 mod 17. Thus, there is only one Sylow 17-subgroup of G, which is necessarily normal in
G. Therefore, G is not a simple group.

(b) |G| = 49 = 72. By Theorem 24.3, Z(G) # e, and thus Z(G) is a non-trivial normal subgroup of G.
Therefore, G is not simple.

(¢) |G| =105 =3-5-7. Using Sylow’s third theorem, we have:
Possible number of Sylow 3-subgroups = 1,7
Possible number of Sylow 5-subgroups = 1, 21
Possible number of Sylow 7-subgroups = 1, 15.

In each of the cases above, if there is just one Sylow subgroup, it is normal in G, and G is not simple. Suppose
that none of the numbers of Sylow p-subgroups of G equals 1. Then, among the seven Sylow 3-subgroups,
the intersection of any two of them equals e, since each of these groups have prime order. Thus, there are
2 -7 = 14 elements of order 3 in . Similar reasoning applied to the Sylow 5-subgroups shows that there
must be 4 - 21 = 84 elements of order 5 in G and likewise, 15 - 6 = 90 elements of order seven. But adding
these together gives more than 105 elements. Thus, for one of the primes 3, 5, 7, there is just one Sylow
subgroup, which is necessarily normal in G. Therefore G is not a simple group.

(d) |G| = 24. Then, 24 = 23 -3. Tt follows from the third Sylow theorem that the number of Sylow 2-
subgroups is 1 or 3. If one, we’re done. Suppose there are three Sylow 2-subgroups. Let X denote the set of
Sylow 2-subgroups. Then G acts on X via conjugation. By Proposition 23.3, there is a group homomorphism
¢ : G — S3. Since |S3| = 6, the kernel of ¢ is a non-trivial normal subgroup, so G is not a simple group.

Lecture 26: Monday October 25. The next theorem is further illustration of how to use counting techniques
together with the Sylow theorems to prove significant results about finite groups.

Theorem 26.1. If G is a simple group of order 60, then G is isomorphic to As.

Proof. We seek a group homomorphism v : G — S;5. Suppose such a homomorphism exists. Since G is
simple, ker(¢) = {e}. Thus, G is isomorphic to a subgroup N of S5. Since |N| = 60, [S5 : N] = 2, which
implies that IV is normal in S;. By Corollary 22.4, N = As, which is what we want. To find ¥, we apply
the Sylow theorems.
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We first note that 60 = 22 -3 -5, so that any Sylow 2-subgroup has four elements, any Sylow 3-subgroup has
three elements and any Sylow 5-subgroup have five elements. By the Third Sylow Theorem, for p = 2, 3,5,
the number of p-Sylow subgroups divides 60 and is congruent to 1 modulo p. Based upon this we have:

Possible number of Sylow 2-subgroups = 1, 3,5, 15
Possible number of Sylow 3-subgroups = 1,4, 10
Possible number of Sylow 5-subgroups = 1,6

In each case, we can eliminate the possibility of one Sylow subgroup, for then that subgroup would be
normal in G, contradicting the simplicity of G. Suppose we had four Sylow 3-subgroups. Then if G acts on
the set of Sylow 3-subgroups via conjugation, by Proposition 23.2, we would have a group homomorphism
1 : G — Sy. Since |S4| = 24, ker(¢)) # {e}. But then G would have a non-trivial normal subgroup, which is
a contradiction. Thus, G must have ten Sylow 3-subgroups. Now, any two of the Sylow 3-subgroup have to
intersect in e, since the intersection would is a subgroup of each. Thus, there are 10 - 2 = 20 elements in G
having order 3.

Since we cannot have one Sylow 5-subgroup, there must be six of them, and since they each have prime
order, the intersection of any two of them must be e. Thus, there are 6 - 4 = 24 elements of order 5 in G.
We have now accounted for 20 4+ 24 = 44 elements of G.

Regarding the number of Sylow 2-subgroups, we cannot have just three of them, otherwise, there would
exist a group homomorphism 1 : G — S35, which would necessarily have a non-trivial kernel. If the number
of Sylow 2-subgroups equals five, then we let G act on the set of Sylow 2-subgroups via conjugation. By
Proposition 23.3, there exists a group homomorphism 1 : G — S5, which is what we want.

Suppose the number of Sylow 2-subgroups equals fifteen. First assume the following: Given any two such
subgroups, say, P; and P, P N P, = e. Then G would contain 15 - 3 = 45 elements of order two or four,
which is a contradiction, since we already have 44 elements of order three or five. Thus, there must be at
least two Py, P> with Py N Py # e. Then |[PLNPy| = 2. If e # x € P, N Py, then since P; and P, are
abelian, x commutes with every element in both P; and P,. Thus, both P; and P, are contained in Cg(x),
the centralizer of x. Since |PyPy| = 8, and Py P, C Cg(x) (as sets), |Ca(z)| > 8 and |Ce(z)| divides 60.
Moreover, since Py C Cg(z), 4 divides |Cg(z)|. Thus, |Ce(z)| = 12 or 20.

Suppose |Cg(x)| = 12. Then [G : Cg(x)] = 5. Thus, if we let G act on the set of left cosets of Ci(x) in
G via translation, by Proposition 23.3 , there exists a group homomorphism v : G — S5, which is what we
want. If |Cq(x)| = 20, then, in a similar way, there would exist ¢ : G — Ss3, which would have non-trivial
kernel, so this case does not exist. Thus, if the number of Sylow 2-subgroups equals fifteen, then required
map ¢ : G — S5 exists and this completes the proof of the theorem. O

Remarks. (a) Let G be a simple group of order 60. The proof of the theorem above showed that the
number of Sylow 3-subgroups of G equals 10 and the number of Sylow 5-subgroups equals 6. Moreover,
any Sylow 3-subgroup is isomorphic to Zs and any Sylow 5-subgroup is isomorphic to Zs. The proof of the
theorem is not definitive in regards to the Sylow 2-subgroups of G. The proof shows that the number of
Sylow 2-subgroups is either 5 or 15. Moreover, any such subgroup has order four. Since these subgroups are
all conjugate, they are all isomorphic. So: Are the Sylow 2-subgroups of G isomorphic to Z4 or Zs X Zs, and
how many copies of each are in G?

(b) The element z in the proof of Theorem 26.1 has order two, i.e., 22 = e. Such an element is called

an involution. We were able to make considerable headway by using Cg(z), which is a centralizer of an
involution. If you read any historical account about the Feit-Thomspon theorem, or the classification of
simple groups, or results of Brauer, Suzuki, et al, leading up to these results, you will see that centralizers
of involutions play a crucial part in all of these results. Since any non-abelian simple group has even order,
there are plenty of involutions, and thus, plenty of centralizers of involutions. O

We are almost ready to address the issue of solvability by radicals. Before doing so, let us show how two
of our major theorems - The Galois Correspondence Theorem and the first Sylow Theorem - can be used to
show that C is the algebraic closure of R. This is the so-called Fundamental Theorem of Algebra. We note
that it is not possible to give a purely algebraic proof of this fact, simply because the real numbers are not a
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purely algebraic construct - they are, after all, equivalence classes of Cauchy sequences of rational numbers.
So, we need one fact with an analytic flavor. Namely: If f(x) € R[z] has odd degree, then f(z) has a root
in R. This is a consequence of the mean value theorem from calculus. Thus, no polynomial of odd degree
with coefficients in R is irreducible over R.

The Fundamental Theorem of Algebra. The complex number field C is the algebraic closure of the real
number field R. In particular, C is an algebraically closed field.

Proof. Since C is algebraic over R, it suffice to show that C is algebraically closed. For this, it suffices to
show that there are no proper finite extensions of C. We first note that if K is a finite extension of R, then
[K : R] = 2™, for some n. To see this, let R C K be a finite extension. If necessary, we may enlarge K to a
finite extension Ky of R that is Galois over R. If [Kj : R] = 2™, for some m, then [K : R] = 2", for some
n, so we may assume at the start that K is Galois over R. Let G denote the Galois group of K over R. If
2 divides |G|, let H C G be a Sylow 2-subgroup of G, otherwise, let H = {e}. Then [G : H] is odd. Thus,
[E : R] is is odd, where E is the fixed field of H. (Note, if H = {e}, E = K.) Since R has characteristic zero,
the extension R C FE is a simple extension, say E = R(«). But if we let f(x) denote the minimal polynomial
of a, its degree equals [F : R] which is odd, contradicting our remarks above. Thus, any finite extension of
R has degree 2", for some n > 1. Of course the conclusion of the theorem tells us n = 1.

Now, suppose C C L is a finite extension of fields. As before, we may assume L is Galois over C. Since L is
also finite over R, by what we have just seen, [L : R] = 27, for some n, and since [C: R] =2, [L: C] = 2"~ L.
If n =1, L = C, which is what we want. Suppose n > 1. We seek a contradiction. Let us note that there
exists an intermediate field C C F C L with [F: C] = 2. If n = 2, we take E = L. If n > 2, let G denote
the Galois group of L over C. Since |G| = 2", G has a subgroup H of index 2 (say by Corollary 25.2). If
E denotes the fixed field of H, then [E : C] = 2. We now argue that such an extension cannot exist.

Since E = C(pB), for some 8 € FE, the minimal polynomial h(z) € C[z] for 8 over C has degree two. If

h(z) = 2% + bx + ¢, with b,c € C, f = —bdvhi—de W. If we show that every complex number has a square root,
then 8 € C, which is the contradiction we sought.

There are several ways to see that any z € C has a square root in C. The easiest is to use the polar
representation of any complex number. So, write z = re?, where r is a positive real number, and 6 is
the angle a line segment from (0,0) to z makes (going counter-clockwise) from the z-axis. Then if we set
20 := \/rei?, we have z2 = z, which gives what we want. This complete the proof of the FTA. O

Corollary 26.2. Let f(z) € Rlz] be an irreducible polynomial. Then the degree of f(x) is less than or
equal to two. Thus, any polynomial in R[x] can be factored (uniquely) as a product of linear and quadratic
polynomials.

Proof. Tt suffices to prove the first statement. Suppose f(z) € R[z] is irreducible over R and has degree
greater than one. Let « be a root of f(x), so that by the Fundamental Theorem of Algebra, we may assume
a € C\R. Since [C : R] = 2 and R(a) C C, we have [R(«) : R] = 2, which implies that f(x) has degree
two. ]

Lecture 27: Wednesday October 27. We return to the task of determining which polynomial equations are
solvable by radicals. We start with two fundamental definitions.

Definitions 27.1. (a) Let F C L be a finite extension of fields. We say that L is a radical extension of

F if there exist a1,...,a, € and positive integers nq,...,n, such that L = F(ai,...,a,), o' € F and
alt € Flag,...,q;), for 2 < i <r. Note that there is no assumption on the positive integers n;. Thus, if we
set n =mny ---n,, then we have that of € F and o € F(aq,...,q;), for 2 <i <r. Therefore, in any radical

extension of F', we are free to assume that a single common exponent works for each «;.

(b) For f(x) € F[z], we say that f(x) is solvable by radicals if its splitting field is contained in a radical
extension of F.

Exampless 27.2. Consider K := Q(+/2, €), the splitting field of f(x) = 2 —2 over Q, where € is a primitive

cube root of unity. Then €2 =1 € Q C Q(¥/2) and (¥/2)® € Q, so in this case the splitting field of f(z) is

a radical extension. In general, the splitting field of a polynomial solvable by radicals need not be a radical
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extension. Of course, 23 — 2 is solvable by radicals, essentially by definition. On the other hand, it is not so
clear that f(z) = 2* — 1622 +4 is solvable by radicals. However, f(x) is the minimal polynomial for v/3 ++/5
over Q (see Homework 1). Since v/3 + /5 € K := Q(v/3,/5), and K is Galois over Q, f(z) splits over K.
Thus, the splitting field for f(z) is contained in a radical extension, and in this case, K equals the splitting
field of f(z), since K = Q(v/3 + v/5), so adjoining the other roots of f(x) to Q is redundant.

Here is the statement of the solvability by radicals theorem.

Solvability by Radicals Theorem. Let F be a field having characteristic zero and f(x) € F[z]. Let K
denote the splitting field of f(x). Then f(x) is solvable by radicals if and only if Gal(K/F) is a solvable
group. O

Since our main goal requires that F' be a field of characteristic zero, this assumption will hold in everything
that follows, until further notice. Thus, if F' C K is a finite extension, K will automatically be a separable
extension, and therefore K is Galois over F if and only if K is a splitting field over F'. We will use this fact
implicitly henceforth. We begin with the following key proposition.

Proposition 27.3. Let F be a field of characteristic zero and € be a primitive nth root of unity.
(i) F C F(e) is a Galois extension with abelian Galois group.
(ii) Suppose f(x) = z™ —a € Flz]. Assume that ¢ € F. Let o € F be a root of f(x) and set L := F(c).
Then L is a Galois extension of F' and Gal(L/F) is abelian.

Proof. For (i), since € is a primitive nth root of unity, 1,e,...,e" ! are the distinct roots of g(z) = 2™ — 1.

Thus, F(e) is the splitting field of g(z) over F, and thus F'(¢) is Galois over F. (Note: [F(¢) : F] is not n.)
Suppose o, 7 € Gal(F(¢)/F). Then o,7 must take € to a root of g(z), and thus o(€) = €' and 7(¢) = €, for
some 0 < 4,57 <n—1. Then

or(e) = o(ef) = o(e)! = €,
and

To(€) = (") = 7(e)? = €7,
so that o7(¢) = 7o(€). Since L = F(e), it follows that o7 = 70 as elements of Gal(F(¢)/F), and thus,
Gal(F(e)/F) is abelian

The proof of (ii) is essentially the same as the proof of part (i). L is clearly Galois over [ since it is the
splitting field of f(x) over F. Suppose 0,7 € Gal(K/F). Since the roots of f(z) are {«,ae,...,ae" 1},
o(a) = ae and T(a) = ae’, for some 0 < i # j < n — 1. Then

or(a) = o(ae?) = o(a)o() = ae’ - & = ae™,

and

ro(a) = T(ae) = 7(a)7(€') = e’ - € = ae'™,
so that o7(a) = 7o(a). Since L = F(a), it follows that o7 = 70 as elements of Gal(L/F), and thus,
Gal(L/F) is abelian. O

The next corollary follows immediately from the previous proposition and is clearly important for the
solvability theorem.

Corollary 27.4. Let F' be a field of characteristic zero and F C L a Galois extension that is also a radical
extension with L = F(ayq,...,op), af € F and of € F(oq,...,q;), for 2 <i <r. Assume that e € F'is a
primitive nth root of unity. Then Gal(L/F') is a solvable group.

Proof. Set Lo :=F, and for 1 <i <r,set L; = F(ay,...,q;), so that L, = L. Note that for each 1 <7 <r,
€ € L;. Thus, by the previous proposition, Gal(L;/L;_1) is abelian, for each 1 <4 <r. On the other hand,
L is Galois over F' and therefore Galois over L; ;. Since L; is Galois over L; 1, Gal(L/L;) is a normal
subgroup of Gal(L/L;_1). Thus,

id = Gal(L/L,) C Gal(L/L,_,) C -+ C Gal(L/Ly) C Gal(L/F)

is a solvable series, since Gal(L/L,_1)/Gal(L/L,) = Gal(L;/L;_1), by the Galois Correspondence Theorem.
Therefore, Gal(L/F) is a solvable group.
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The next proposition shows that a radical extension can always be enlarged to a radical extension that is
also a Galois extension. Thus, if f(z) € F[z] is solvable by radicals, we can assume that its splitting field is
contained in an extension of F' that is both a radical and a Galois extension of F.

Proposition 27.5. Let F' be a field of characteristic zero and let F C L be a radical extension with
L =F(ay,...,an), @t € F and aff € F(as,...,q;), for 2 < i <r. Then there exists a radical extension
F C E such that E contains L and E is Galois over F'.

Proof. Each «; is algebraic over F, so we let f;(x) be the minimal polynomial of «; over F. For each
1 <4 < r, suppose the degree of f;(x) equals e; and let o; := a5 1,...,®; ., be the distinct roots of f;(x).
We set Ey := F and for each 1 <i <r,

Ei = F(Oél’l,...,061’317...,ai’17...,ai’ei),

Thus, E; is the splitting field of fi(z)--- f;(x) over F. In particular, E, is a splitting field over F', and
therefore is Galois over F'. Note also that L C E,.. We set F := E,

We will now show that FE is also a radical extension of F'. Upon doing so, the proof will be complete. Note that
o € Bi_q,for1 <i¢<r. Fix1<i<randl<j<e; If weshow that ozﬁj € F;_1, this will show that F
is a radical extension of F. Now, by Proposition 2.1, there exists an isomorphism ¢ : F(a;) = F(a; ;) C F
such that ¢(o;) = «a;; and ¢ fixes F'. By Theorem 9.1, there exists a field homomorphism o : E; — F
extending ¢. Since E;_; is a splitting field over F', Theorem 10.4 gives o(F;_1) = E;—1. Now, there exists
a € E;_; such that o = a. Applying o we get
o(a) = o(a}’) = o()" = ailj,
which gives what we want, since o(a) € E;_;. O

Lecture 28: Friday October 29. We are almost ready to prove half of the criterion for solvability by radicals.
We wish to apply Corollary 27.4 above. Unfortunately an arbitrary field F' may not contain the required
primitive root of unity. So this must be adjoined to F' in order to apply the Corollary 27.4. Fortunately,
doing so does not disturb things too greatly, as the following proposition shows.

Proposition 28.1. Suppose that F' has characteristic zero, F' C K be a Galois extension and € a primitive
nth root of unity. Assume € ¢ F. Then:

(i) K is contained in a radical extension of F if and only if K (€) is contained in a radical extension of
F(e).
(ii) Gal(K/F) is a solvable group if and only if Gal(K (¢)/F(e)) is a solvable group.

Proof. Suppose K is contained in the radical extension L of F'. Then clearly L(e) is a radical extension of
F(e). Since K(e) C L(e), this shows K (¢) is contained in a radical extension of F(¢). Conversely, suppose
K (e) is contained in the radical extension Ly of F(e). Since €" € F, Ly is a radical extension of F, and it
clearly contains K.

Suppose Gal(K/F') is solvable. Define ¢ : Gal(K (¢)/F(¢) — Gal(K/F) by ¢(0) = 0|,.. Since K is a splitting
field over F', o(K) = K, and since o fixes F'(¢), 0|, € Gal(K/F), and so ¢ is well defined. The function ¢
is clearly a group homomorphism. Moreover, if ¢(c) = id, then o fixes every element of K, and since by
definition, o fixes €, o fixes K(¢), i.e., 0 = id. Therefore ¢ is one-to-one and therefore Gal(K (€)/F'(e)) is
isomorphic to a subgroup of Gal(K/F). Therefore, by Proposition 19.3(i), Gal(K (¢)/F(¢)) is solvable.

Conversely, suppose that Gal(K (€)/F (¢)) is a solvable group. We claim Gal(K (€)/F') is solvable. Suppose the
claim holds. Consider the extension F' C K C K (¢). Note that K (e) is Galois over F', since K is Galois over
F'. Indeed, whatever set of polynomials K is the splitting field for over F, K (¢) is the splitting field for that
set of polynomials together with ™ — 1. Since K is Galois over F', by the Galois Correspondence Theorem
Gal(K/F) is a quotient group of Gal(K (¢)/F). If the latter group is solvable, then Gal(K/F) is solvable by
Proposition 19.3(i). It remains to prove that Gal(K (e)/F) is solvable.

We consider the extension F' C F(e) C K(¢). By assumption, the subgroup Gal(K (¢)/F(¢)) of Gal(K (€)/F)
is solvable. Moreover, since F'(€) is Galois over F, this subgroup is a normal subgroup of Gal(K(e)/F). On
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the other hand, the quotient group Gal(K(e)/F)/Gal(K (e)/F(e€)) is isomorphic to Gal(F(e)/F), which is
abelian by Proposition 27.3. Thus, Gal(K (e)/F) is solvable by Proposition 18.1 (ii). O

Here is one half of the Solvability by Radicals Theorem.

Theorem 28.2. Let F be a field having characteristic zero and assume f(x) € F[x] is solvable by radicals.
Then Gal(K/F) is a solvable group, where K denotes the splitting field of f(z).

Proof. Let FF C K C L, where L is a radical extension of F. If need be, by Proposition 27.5, we may enlarge
L to assume that it is both a radical and Galois extension of F. Let us write L = F(a1,...,a,), af € F
and af € F(aq,...,q;), for 2 <i <r. Let € be a primitive nth root of unity. By Corollary 27.4, if € € F,
then Gal(L/F) is a solvable group. Since K is a splitting field over F, it is Galois over F, consequently, by
the Galois Correspondence Theorem, Gal(L/K) is a normal subgroup of Gal(L/F) and the corresponding
quotient group is isomorphic to Gal(K/F'). By Proposition 18.1(i), Gal(K/F') is solvable.

If ¢ ¢ F, then L(e) is a radical and Galois extension of F'(¢), with intermediate field K (¢). Therefore, by
what we have just shown, Gal(K(e)/F(e)) is solvable. That Gal(K/F) is a solvable group follows from
Proposition 28.1. O

Theorem 28.2 can be used to find polynomials that are not solvable by radicals. For example, it will follow
from the proposition below that for f(z) = 2° — 4z + 2 € Qlz], if K is the splitting field of f(z) over Q,
then Gal(K/F) is isomorphic to S5, which is not a solvable group. Thus, by the theorem above, f(z) is not
solvable by radicals.

Proposition 28.3. Let f(x) € Q[x] be an irreducible polynomial of degree p, with p a prime number and
write K for the splitting field of f(x) over Q. If f(z) has exactly two non-real roots, then Gal(K/Q) is
isomorphic to Sp.

Proof. If we let X = {aq,...,a,} denote the set of distinct roots of f(z), then any element o € Gal(Q/K)
permutes the a;. If we think of S, as Sx, then we may regard Gal(K/Q) as a subgroup of S,. Let «;
be any root of f(x). Then Q C Q(a;) C K, so p divides [K : Q] = |Gal(K/Q)|. Thus, by Cauchy’s
theorem, there exists an element 7 € Gal(K/Q) of order p. Since p is prime, 7 must be a p-cycle. On the
other hand, if o9 : C — C is complex conjugation, since K is a splitting field, oo(K) = K, by Theorem
10.4, so that o, the restriction of oy to K, belongs to Gal(K/Q). By definition of f(z) and K, o leaves
the real roots of f(z) fixed and interchanges the two non-real roots of f(z) Thus, as an element of S,

o = (a,b) is a transposition. Now, we can write 7 = (a, j2,...,jp). It follows that for some 1 <3 <p—1,
7t = (a,b,75, ... 7j]’g) and after re-indexing, we may assume 7¢ = (1,2,...,p) and o = (1,2). By problem 10
on Homework 3, Gal(K/Q) = 5,,. O

Example 28.4. The polynomial f(z) = 2% — 4z + 2 € Q[z] is not solvable by radicals. To see this, first
note that one can see (say using ideas from calculus) that f(z) has exactly three real roots, and therefore,
exactly two non-real roots. In order to apply Proposition 28.3, we need to see that f(x) is irreducible over
Q. Assuming this, then if K denotes the splitting field of f(z) over Q, Gal(K/Q) is isomorphic to Ss,
and therefore by Corollary 22.3, Gal(K/Q) is not solvable. Thus, by Theorem 28.2, f(x) is not solvable by
radicals. To see that f(z) is irreducible over Q, by Gauss’s Lemma, it suffices to show that f(z) is irreducible
as an element of Z[z]. Suppose not. Then f(x) = g(x)h(z), where g(z), h(x) € Z[z], and (say) g(x) has
degree two and h(x) has degree three. Now, without loss of generality, we may assume the constant term of
g(z) equals 1 and the constant term of h(x) equals 2. Letting overline denote mod 2, we have, on the one
hand,

2% = f(a) = g(2) - h(2),

but, on the other hand, the constant term of g(x) is not zero mod 2, which is a contradiction. Thus, f(z) is
irreducible over Z, and thus over QQ, which is what we want. O

Lecture 29: Monday November 1. The following theorem leads to the converse to Theorem 28.2 above.

Theorem 29.1. Let F' C K be a finite Galois extension such that Gal(K/F') is cyclic of order p, a prime.
Let € € F be a primitive pth root of unity. Then, there exists « € K\F such that o? € F. In particular,
K = F(a) and K is a radical extension of F.
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Proof. We offer two proofs of this important theorem, the first relying more heavily upon ideas from linear
algebra. We first note that since [K : F] = p is prime, there are no intermediate fields between K and F, and
hence K = F(a), for any oo € K\F. Therefore, we seek oo € K\F with o? € F. Towards this end, we let o
be a cyclic generator for Gal(K/F), and note that since o fixes F, we can regard o as linear transformation
of F-vector space K. Now, since the extension is Galois of degree p, we have 0P = id. Thus, o satisfies
the polynomial 2P — 1 and therefore the minimal polynomial of ¢ as a linear transformation over F', divides
xP — 1. It follows that the minimal polynomial of ¢ has distinct roots, which are all in F', since € € F. These
roots must be a power of €. Let 1 # €' be one such root and take a € K an eigenvector of ¢!. Note that
a ¢ F, since o fixes F. Therefore o(a) = €'a. Now, o(aP) = o(a)? = (€'a)P = e¢Pa? = oP. Thus, o? is fixed
by o, and hence all powers of 0. Since Gal(K/F) is generated by o, aP is in the fixed field of Gal(K/F),
i.e., aP € F', which is what we want.

Another standard proof proceeds as follows. As before, let o be a cyclic generator for Gal(K/F'). We claim
that as linear transformations of K over F, 1,0,...,07! are linearly independent. Suppose not. Then there
exist ag, ai,...,ap—1 € F, not all zero, such that 7" := ap + a0 +--- + ap,lap*I is the zero transformation.
Then this transformation is zero on a basis for K over F. Take 8 € K\F, so that 1,3,...,87"! is a basis
for K over F. We now apply T to each of these basis vectors. Upon doing so, we get the following system
of equations:

ap+ai+az+---+ap,1=0
aoB + aro(B) + azo?(B) + -+ +ap,_ 107 (B) =0
a8 + a10(B°) + az0®(B) + -+ + ap 107 (%) = 0

aoBP 7+ a10(BP7Y) + azoa(BP ) + -+ op1 (8P =0

Writing this system of equations as a matrix equation, we get

Qg 0
ay 0

AL =1
ap—1 0

where the (i, j) entry of the coefficient matrix A is 4;; = ¢7=1(B*1), for 1 < 4,5 < p. The homogeneous
system of equations with cefficient matrix A has a non-trivial solution, and thus det(4) = 0. On the other
hand, since A;; = o7=1(371) = (0971(8))i~!, A is a Vandermonde matrix whose ith row is

L e O ) LR G )
and thus, det(A) # 0, a contradiction. It follows that 1,0,...,0P~! are linearly independent over F.

Therefore, the linear transformation Ty := 1 + €0 + €202 + --- + " 1gP~1 is not the zero transformation.
Therefore, if we choose any basis for K over F' and apply Ty to that basis, then To(v) # 0, for at least one
basis element v. Note, however, that since 1 +e+---+e?~1 =0, Ty(u) = 0, for all u € F. Thus, there exists
v € K\F such that o := Ty(y) # 0. We have

a=Ty(y) =v+eor(y)+- -+ aP (7).
Applying o to this equations we get
o(@)=0a(7) +e®(7) + - P () + Ty
= {yteo(y) + -+ TP TH(y))

Therefore,



Clearly, now, o(a?) = o, for all i which implies that o belongs to the fixed field of Gal(K/F), which is
F. That is, o € F. Finally, a € F, because o(a) = e’~!a, so that « is not fixed by o, and the proof is
complete. 0

We can now prove the converse to Theorem 28.2.

Theorem 29.2. Let F be a field of characteristic zero, f(x) € F[z] and suppose K is the splitting field of
f(z) over F. If Gal(K/F) is a solvable group, then f(x) is solvable by radicals.

Proof. By Proposition 19.3(iii), we may assume that Gal(K/F) has a solvable series, with factors that are
cyclic of prime order. Set G := Gal(K/F) and suppose that

(id)=GpCG1C---CG1CGp =G

is a solvable series and Gi/G;_; is cyclic of order p;, where each p;, for 1 < i < m is prime. Let L; denote
the fixed field of GG;, so that we have a chain of fields extensions

F:ngmelgnggLO:K

Note that, by the Galois Correspondence Theorem, G; = Gal(K/L;). For each i, we have L; C L;_; C K,
with K Galois over L;. Moreover, L,_; is a normal subgroup of L, = Gal(K/L;). Thus, by the Galois
Correspondence Theorem, L;_; is a Galois extension of L;, and [L;—y : L;| = [L} : L;_{] = p;.

Set n := p; -+ py, and take € a primitive nth root of unity. If € € F'| then L; contains a primitive p;th root
of unity, and thus, by Theorem 29.1, there exists o;—1 € L;—1 such that L; 1 = L;(a;—1) and afil eLl; It
follows that K is a radical extension of F', and thus, f(x) is solvable by radicals.

Suppose € € F. Consider the extension F'(¢) C K (e). By Proposition 28.1, Gal(K (¢)/F'(¢)) is a solvable group
and in fact, we saw that Gal(K (€)/F(e) is isomorphic to a subgroup of Gal(K/F). Set H := Gal(K (¢)/F(e)),
and let

(ldy=HyCH,C---CH,_,CH,=H

be a solvable series, such that the factor H;/H,;_1 is cyclic of order ¢;, where g; is prime. We claim that each
¢; € {p1,...,pm}. Suppose the claim holds. Then F(e) contains every primitive g;th root of unity. On the
other hand, K (e) is the splitting field of f(z) over F(e), so that K (e) is Galois over F(e). Thus, by what we
have previously shown, K (e) is a radical extension of F'(e). Since K (e) is also a radical extension of F', and
F C K C K(e), it follows that K is contained in a radical extension of F', and therefore f(x) is solvable by
radicals.

For the claim, it suffices to prove that |G| = py - - - py. If so, the same reasoning shows |H| = ¢y - - - ¢, and
the claim will follow since |H| divides |G|. So, we now induct on m. If m = 1, |G| = p;, which is what
we want. Otherwise, |G| = |G/Gm—-1| - |Gm-1| = pm * |Gm-1]- By induction, |G,—1] = p1 -+ Pm—1, so that
|G| = p1 - Pm - Pm, and the proof is complete. O

We now turn to the question of which finite groups arise as the Galois group of a Galois extension. The
answer is any finite group is the Galois group of a finite Galois extension, if we do not specify the fields in
question. In other words, given a finite group G, there exists a finite Galois extension of fields F' C K such
that Gal(K/F) = G. However, the answer is not so simple if we specify the ground field F. The classical
Inverse Galois Problem asks the following. Given a finite group G, is there a finite Galois extension Q C K,
such that Gal(K/Q) = G7 While the answer to this question is known for many groups G, the answer is not
known in general. There is a positive answer for all groups, if one does not require the extension Q C K to
be Galois. This follows from a theorem in Graph theory known as Frucht’s theorem. As time permits, we
will show that the Inverse Galois Problem (IGP) has a positive answer for abelian groups and for S,,.

We begin by giving the classical proof that any finite group is a Galois group for some Galois extension
FCK.

Theorem 29.3. Let E be a field a field of characteristic zero, and x1,. .., T, be independent variables over
E. Let K := E(x1,...,xy,) be the rational function field in n-variables over E and let sy, ..., s, denote the
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elementary symmetric functions in the x;, i.e.,

S1 =1+ T2+ -+ Ty

S9 = E il

1<i<j<r

Sp = T1X2 - Tp.

Set F := E(s1,...,8,). Then K is a finite Galois extension of F with Gal(K/F) = S,,. Moreover, F' is the
field of symmetric rational functions in the x;.

Proof. Let o € S,. Then, o gives rise to an automorphism of K by permuting the variables z;. We
will denote this automorphism by o. To elaborate, if f(x1,...,2,) is a polynomial in z1,...,z, with
coefficients in E, then f := f(2,(1),...,Zs(n)) denotes the polynomial obtained from f by permuting its
variables according to o. For example, if n = 3, 0 = (1,2,3) and f(x1, 22, 23) = 2329w3 + 25 + 21723, then
fo = a3r3zy +a3+xi7xy. It is relatively straightforward to check that (f+g)° = f°+g° and (fg)° = f7¢°.
Thus, o is an automorphism of the polynomial ring E[z1, ..., z,]. If we now define (5)" = 5—37 then it follows
that o is an automorphism of K. Thus, we may regard .S,, as a finite group of automorphisms of K. Let Fj
be the fixed field of S,,. Then, by Corollary 14.4, K is Galois over Fy and Gal(K/Fy) = S,,. Clearly F' C Fy.
If we show that [K : F| = n! = [K : Fp], then F' = Fy, so that K is Galois over F' and Gal(K/F) = S,,.

Now, on the one hand, since F C Fy, [K : F] > [K : Fy] = nl. On the other hand, if we let ¢t be another
independent variable, and we write f(t) = (t —x1)(t —22) - (t—2p) = t" —s1t" "L+ + (=1)"s, € F[t], it
follows that K is the splitting field of f(t) over F, which implies [K : F| < nl. Thus, [K : F| = n!, as required.
Finally, since by definition, Fy is the field of symmetric rational functions, i.e., the rational functions that
remain the same under every permutation of variables, it follows that F' is the field of symmetric rational
functions in z1,...,z,. O

Remark 29.4. The last statement in the previous theorem can be summarized by the statement: Fvery
symmetric rational function is a rational function in the elementary symmetric functions. For example,
2?3 + 23 + 2% is a symmetric rational function (in fact, a symmetric polynomial) in three variables. Thus, it
can be expressed as an element of Q(s1, s2, s3), say. To see this, simply note that

x] + x5+ 25 = (21 + 22 + 23)% — 2(w120 + 2123 + T2x3) = 57 — 250.

Of course, writing other symmetric functions, like 7" + x5 + 2% in terms of s1, s9, s3 is not as easy. A final
comment: A symmetric polynomial is a polynomial f(x1,...,x,) such that f© = f, for all o € S,,. One can
show that any symmetric polynomial is a polynomial in the elementary symmetric functions.

Corollary 29.5. Let G be a finite group. Then there exists a finite Galois extension L C K such that G is
isomorphic to Gal(K/L).

Proof. Suppose |G| = n. Then by Cayley’s Theorem, G is isomorphic to a subgroup Gy of S,. By the
previous theorem, there exists a finite Galois extension F' C K such that Gal(K/F) = S,,. If we let L denote
the fixed field of Gy, then by the Galois Correspondence Theorem, K is Galois over L and Gal(K/L) = Gj.
Thus, Gal(K/L) = G, as required. O

Remark 29.6. It should be clear from the proof of Corollary 29.5 that whenever S, is the Galois group
of a Galois extension F' C K, then if G has order n, G is the Galois group of a Galois extension L C K,
for some intermediate field L between F' and K. If there is time, we will also show that the Inverse Galois
Problem has a positive solution for S,,. Thus, for every n, there is a finite Galois extension Q C K with
Gal(K/Q) = S,,, and hence, if G has order n, then G = Gal(K /L), with L a finite extension of Q, which is
close to, but certainly not, a solution to the Inverse Galois Problem for G. (|
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Lecture 30: Wednesday November 3. Our next goal in Galois theory is to show that any finite abelian group
is the Galois group of a finite Galois extension of Q, i.e., the Inverse Galois Problem has a positive solution
for finite abelian groups. For this, we will need the recurring fact that a finite abelian group is a product of
cyclic groups. Rather than do this directly, which would get us to the aforementioned goal fairly quickly, we
will take this opportunity to change directions and set as a short range goal the structure theorem for finitely
generated modules over a Principal Ideal Domain, of which the theorem regarding finite abelian groups is
a special case. This will give us a chance to start fresh with an entirely new topic, as well as provide an
antidote to the depth and abstraction we have recently been dealing with.

In every thing that follows, we will be working with a commutative ring R, with multiplicative identity 1,
though our main interest will be commutative rings are are an integral domain. Recall that R is an integral
domain if whenever ab = 0, for a,b € R, then a = 0 or b = 0. The ring of integers is certainly an integral
domain, as is F[z], for F' a field. In fact it is not difficult to show that R[z] is an integral domain if and
only if R is an integral domain, which then implies that a polynomial ring in any finite number of variables
over a field is an integral domain. Integral domains are especially nice, since even though we cannot divide
elements in an integral domain, we have the cancellation property: Suppose R is an integral domain, and
ab = ac for a,b,c € R with a # 0. Then, a(b—¢) =0, so b — ¢ =0, and thus b = ¢. Thus, we have cancelled
a from the equation ab = ac.

We now list some basic definitions and properties relevant to our immediate goal.

Definitions and Properties 30.1. Let R be a commutative ring.

(i) If a,b € R and 0 # a, we say a divides b if b = ac for some ¢ € R. In this case we write a | b.

(ii) An element u € R is a unit if there exists v € R such that uv = 1.

(iii) Two elements a,b € R are associates if b = ua, for some unit u € R. Of course, a = u~1b. Note that
if a, b are non-zero elements in R, with a | b and b | a, then a and b are associates. To see this: write
a = cb and b = da. Then a = ¢(da). By cancellation, cd = 1, showing that ¢ is a unit, and thus a
and b are associates.

(iv) A non-zero, non-unit p € R is a prime element, if whenever p divides ab, then p divides a or p divides
b. Of course prime numbers are prime elements in Z and irreducible polynomials in Fz], F a field,
are prime elements in F[z].

(v) A non-zero non-unit ¢ € R is an irreducible element if whenever we can write ¢ = ab, with a,b € R,
then a or b is a unit. For rings like Z and F'[z], there is no difference between irreducible elements and
prime elements. This has to do with the fact that both rings are Unique Factorizations Domains.

(vi) If R is an integral domain and p € R is a prime element, then p is irreducible, but the converse need
not hold. To see this, suppose p = ab. Then p | ab, so p | @ or p | b. Suppose p | a. Then a = pc.
Thus, p = pcb, so by cancellation, ¢b = 1, and thus, b is a unit, showing p is irreducible.

Consider the ring Z[v/—5] := {a + bv/=5 | a,b € Z}. Then it is easy to see that
3:3=9=(2+V-5)-(2—V-5).

In Homework 5 you will show that 3,2 + /—5,2 — v/—5 are irreducible elements of R and that

3124+ /=5, showing that 3 is not prime in R.

(vii) An ideal of R is a subset I C R that is closed under addition, and further has the property that
ra€l,forallr € Rand a € I.

(viii) Let X be a subset of R. Then we write (X) for the ideal of R generated by X. One can define (X)
to be the intersection of all ideals in R containing X. Then, it is not difficult to show that (X) is
the set of all finite linear combinations of the form riz; +--- 4+ rp2z, with r; € R and z; € X. When
X = {a} is generated by a single element, then we call (a) a principal ideal and often just write aR
for this ideal.

(ix) If I C R is an ideal, then I is a subgroup of the abelian group (R, +). Thus, we can form the factor
group R/I. We can define multiplication in the obvious way: (ry +1I)- (ro + 1) :==rire + 1. It is
straightforward to check that this multiplication is well defined and that R/I is a commutative ring.

(x) A ideal P C R is a prime ideal if whenever ab € P, then a € P or b € P. Anideal Q C R is a
mazximal ideal if whenever J C R is an ideal containing @, then J = R or J = Q. It is easy to check
that P C R is a prime ideal if and only if R/P is an integral domain. One also has that Q@ C R

49



is a maximal ideal if and only R/Q is a field. To see this, suppose @) is a maximal ideal and take
0#7 € R/Q. Then r & @, so that (r,Q) is an ideal of R properly containing Q. Thus, (r,Q) = R.
Therefore, we can write 1 = ar + ¢, for some a € r and ¢ € Q. Thus, in R/Q, we have 1 =@ - T,
showing that 7 has a multiplicative inverse. Thus, R/Q@ is a field. The converse is similar.

|
We now come to an important definition.

Definition 30.2. An integral domain R is said to be a Principal Ideal Domain or PID if every ideal of R
is principal. Using the division algorithm, it is easy to check that Z and F[z], with F a field, are PIDs.

Remark 30.3 (i) Not every PID has a division algorithm. It can be shown that the ring

14++v-19 1+4++/-19
2 2

R:=17] ]={a+b- | a,b € Z}

is a PID, but R cannot be endowed with any sort of division algorithm. If you look up a proof of this, you
will get a small taste of what goes on in the field of Algebraic Number Theory.

(ii) A polynomial ring in more than one variable is not a PID, though it does have the unique factorization
property. In particular, the polynomial ring Q[z,y] is not a PID. Can you see why? |

Lecture 31: Friday November 5. We begin with the following important property enjoyed by PIDs.

Proposition 31.1. Assume R is a PID. Then:

(i) R satisfies the ascending chain condition on ideals, i.e., if I; C Is C --- is a chain of ideals in R then
there exists n > 1 such that I, = I,,41 = - --.
(ii) Every non-empty collection of ideals has a maximal element.

Proof. For (i), set J :=J,~, Is. Then, as we have seen in the second application of Zorn’s Lemma, J is an
ideal of R. Thus, J = aR, for some a € R. But a € I,,, for some n > 1. Thus,

J=aRCI, CJ,
so J = I,,. It follows immediately from this that I, = I,,41 =---.

For (ii), let C be a non-empty collection of ideals in R. Suppose C does not have a maximal element. Take
a1 R an ideal in C. Since a; R is not maximal, there exists asR in C such that a;R C asR. Proceeding
inductively, we may construct an ascending chain of ideals from C a1 R C asR C - -+, which contradicts (i).
Thus, C must have a maximal element. O

In a first semester abstract algebra class you may have seen that every positive integer can be written
uniquely as a product of primes or that every non-zero, non-constant polynomial can be written uniquely
(up to order, and constant multiples) as a product of irreducible polynomials. Since both types of rings are
PIDs, it is not too surprising that arbitrary PIDs have the unique factorization property. However, Z and
F[z] also have a division algorithm, which makes the proofs of the unique factorization property easier. An
arbitrary PID need not have a division algorithm, so the proof has to rely on purely ring theoretic properties
of a PID.

Theorem 31.2. Let R be a PID. Then every non-zero, non-unit can be written uniquely as a product of
irreducible elements. In particular, if a € R is a non-zero, non-unit and a = p1---ps = q1 - - - q, where each
p; and q; is irreducible, then s =t and after re-indexing, each g; is an associate of p;.

Proof. The proof will proceed in three steps.

Step 1. Every non-zero, non-unit in R is a product of irreducible elements. Suppose this were false. Let C
denote the set of principal ideals of R that are generated by non-zero, non-units that cannot be factored as a
product of irreducible elements. Then C is non-empty, and by the preceding proposition there exists gR € C
a maximal element. By definition of C, ¢ is not an irreducible element. Thus, we may write ¢ = ab, where
neither a nor b is a unit. Thus, aR and bR properly contain ¢R. By the maximality of aR, a and b each can
be written as a product of irreducible elements, and therefore ¢ is a product of irreducible elements, which
is a contradiction. Thus, C must be empty, and every non-zero non-unit in R is a product of irreducible
elements.
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Step 2. If ¢ € R is irreducible, then ¢ is a prime element. To see this, suppose ¢ | ab, and ¢ t a, for a,b € R.
Then a ¢ qR. Thus, (a,q) properly contains ¢R. Since R is a PID, (a,q) = cR, for some ¢ € R. Since q is
irreducible and ¢R C ¢R, we must have cR = R. Thus, 1 € (a, ¢) so we can write 1 = rya + roq. Multiplying
this equation by b we have b = ryab + robq. Since ¢ | ab, we have ¢ | b, which is what we want.

Step 3. Suppose a € R is a non-zero non-unit, and

a4 =Dpip2---Ps =4q192 - qt, (*)

with each p;, g; irreducible in R. We prove the required uniqueness statement by induction on s. If s =1,
we have p; = q1 - - - q¢, which can only hold if ¢t = 1, since p; is irreducible. Supppose now that s > 1. Then
by Step 2, p; is a prime element. Since p; divides g1 - - - ¢¢, we have p; | ¢; for some j. After re-indexing, we
may assume j = 1. Thus we may write ¢ = pyu, for some u € R. Since ¢ is irreducible and p; is not a
unit, © must be a unit, and thus, p; and g; are associates. Cancelling p; from both sides of (*), we have

Paps - - P2 = (ug2)qs - - - ¢t

It is easy to check that ugs is an irreducible element. Thus, by induction on s, s = ¢, and after re-indexing
(if necessary), p; and g; are associates, for all 2 < i <'s, which gives what we want. |

We now want to define the notion of a module over a commutative ring. The easiest way to think of a
module is a follows: A module is to a ring, as a vector space is to a field, i.e., an abelian group endowed
with a scalar multiplication.

Definition 31.3 Let R be a commutative ring. A (left) R-module is an abelian group (M, +) together with
a scalar multiplication * : R x M — M satisfying the following properties:

(i) (a+b)xm=axm+bxm, foral a,b € R and m € M.

(ii) a* (m1 +ma) = a*xm1 + a*xma, for all a € R and my,my € M.
(iii) (ab)*xm =a=x (bxm), for al a,b € R and m € M.

(iv) 1*m =m, for all m € M.

Henceforth, we write am instead of a * m. Notice that we use juxtaposition for both the product in R and
the scalar product of elements of R on elements of M and + for addition in R and addition in M. However,
context should make it clear which operations are at work in any given expression. The following properties
of an R module M are easily checked:

(i) Om =0, for all m € M, where the 0 on the left is 0 in R and the 0 on the right is 0 in M.
(ii) (—a)m = —(am), for all a € R and m € M.

Remark 31.4. Examples of R-modules include ideals of R, factor rings R/I, and direct sums R® --- ® R.
More to the point: Let G be an abelian group, written additively, so that for n a positive integer and g € G,
ng means g + - -- + g, n times and (—n)g means —(ng). Then G is a Z-module.

Lecture 32: Monday November 8. We continue with our discussion of modules over a commutative ring.

Definitions 32.1. Let R be a commutative ring and M an R-module.

(i) A subset N C M is a submodule of M if it is closed under addition and scalar multiplication. This
is easily seen to be equivalent to saying that NV is an R-module in its own right under the existing
operations on M.

(ii) If N € M is a submodule, then the abelian group M/N inherits an R-module structure with the
obvious scalar multiplication: r x (m + N) =r*xm + N.

(iii) If X C M is a subset of R, then (X), the submodule generated by X, is the intersection of all
submodules of M containing X. As one might readily suspect, (X) is the set of all finite linear
combinations r1x1 + - - - + &y, with r; € R and z; € X (for any n > 1).

(iv) M is finitely generated if M = (X), for a finite subset X C M. If M can be generated by a one
element set, we say that M is a cyclic R-module. In this case we often write M = Rm, for m the
cyclic generator of M.

(v) A finitely generated R-module F' is said to be a free R-module, if it has a basis, i.e., there exist
Z1,...,Z, in M such that F = (x1,...,z,) and x1,...,2, are linearly independent, i.e., given a
relation riz; + --- + rpx, = 0, then r; = 0, for all 4. Just like for vector spaces, this is equivalent
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to saying that every element in F' can be written uniquely as a linear combination of z1,...,x,. It
turns out that any two bases for M have the same number of elements. We will say that M has rank
n if it has a basis with n elements.

(vi) Let A, B be R-modules. A map ¢ : A — B satistying ¢(a1 + az2) = ¢(a1) + ¢(a2) and ¢(ra) = r¢(a),
for all r € R and a,a1,as € A is called an R-module homomorphism. Just like for vector spaces, the
kernel of ¢, which is {a € A | ¢(a) = 0} and the image of ¢, which is ¢(A), are submodules of A and
B, respectively. We say ¢ is an isomorphism if ¢ is both 1-1 and onto, or equivalently, the kernel of
¢ is zereo and ¢(A) = B.

Proposition 32.2. Let R be a commutative ring and F a finitely generated free R-module. Then any two
bases for F' have the same number of elements.

Proof. To begin, let R™ denote the set of n-tuples of elements of R. Then R™ is a free R-module with
standard basis {e1,...,e,}, where e; is the n-tuple with 1 in the ith entry, and zeros elsewhere. Suppose F
is a free R-module with basis {z1,...,z,}. Then, just like with vector spaces, the map ¢ : R — F taking
(r1,...,7mq) to r1x1 + - -+ + rpx, is easily seen to be an isomorphism of R-modules. If now, {y1,...,y:} is
another basis of I, we have F = R'. Thus, R" = R, which cannot happen when R is a commutative ring,
unless n = t. To see this, let @ C R be a maximal ideal, so that K := R/Q is a field. Let Q™ C R™ denote
the n-tuples, all of whose entries are in @, and define Q' likewise. Then, on the one hand, R"/Q™ = K"
and R*/Q! = K while on the other hand, an isomorphism between R™ and R! induces and isomorphism
between R™/Q™ and R!/Q? (since any such isomorphism maps Q™ isomorphically to Q). Thus, the vector
spaces '™ and F'* are isomorphic. Since any two bases for a vector space over F' have the same number of
elements, n = t. Thus, any two bases for a free module over R also have the same number of elements. [

In general, unlike vector spaces over a field, a typical module over a ring that is not a field will not have
a basis. And even if M is a free R-module, its submodules need not be free. However, we will see that if R
is a PID, then a submodule of a finitely generated free module is, in fact, free.

Definition 32.3. Let R be a commutative ring and M and R-module. Suppose that Ni,..., Ny are
submodules of M. The sum of the modules N; is the set of all expressions ny + --- 4+ n, such that each
n; € N;. This is a submodule of M and is denoted by ¥;N; or just Ny + --- + Ns;. We say that the sum is
direct if for all 1 < j <, N; N (X;%;N;) =0, and write Ny & --- & N, for 5,N,. f M = N1 & --- ® N, we
say that M is the direct sum of N1, ..., Ns. It is not difficult to show that M is the direct sum of Ny,..., N,
if and only if every element m € M can be written as m = ny + - - - + n, for unique elements n; € N; (see
Homework 5).

We will need the following proposition concerning free modules.

Proposition 32.4. Suppose R is a commutative ring and ¢ : M — F is a surjective R-module homomor-
phism such that F is a finitely generated free R-module. Let K denote the kernel of ¢. Then there exists an
R-module homomorphism j : F' — M satisfying:
(i) ¢ oj = Idp, the identity on F.
(il) F 2 j(F).
(iii) M = K@ j(F).
In particular, there is a free R module that is a direct summand of M.

Proof. Just like with vector spaces, a homomorphism whose domain is a free module is determined by its
values on a basis. Let x1,...,x, € F be a basis for F'. Since ¢ is surjective, for each 1 < i < n, there exists
m; € M such that that ¢(m;) = x;. We define j(x;) = m; and extend this definition to all of F, i.e., if
f € F, we can write f uniquely as f = rz1 +- -+ rpz,, with r; € R. We define j(f) :==rimi+- -+ r,my,.
Note that this is well defined, since the r; are unique. It is straight forward to check that j is an R-module
homomorphism, which by definition, satisfies ¢ o j = idp. Moreover, the map j : F — j(C) is certainly
surjective. Suppose j(c¢) =0, for ¢ € F. Then 0 = ¢(j(c) = ¢, showing that j is also injective, and thus j is
an isomorphism from F to j(F). In particular, j(F) is a free R-submodule of M.

Suppose m € M. Then
¢(m — jo(m)) = ¢(m) — ¢(j(#(m))) = d(m) — (¢ 0 j)(#(m)) = ¢(m) — ¢(m) = 0.
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Thus, m — j(¢(m)) € K, which shows m € K + j(F). Therefore, M = K + j(F). Suppose a € K N j(F).
Then a = j(e, for some ¢ € F. Thus, 0 = ¢(k) = ¢(j(c)) = ¢, so ¢ = 0. Thus 0 = j(¢) = a, showing
K Nj(F)=0. Therefore, M = K @ j(F). O

Lecture 33: Wednesday November 10. We can now state one form of the main theorem we are interested in.

Structure Theorem for finitely generated modules over a PID. Let R be a PID and M a finitely
generated R-module. Then M is a direct sum of cyclic modules.

The next definition plays a key role in the structure theorem.

Definitions 33.1. Let R be an integral domain, M an R-module.

(1) Set T(M) := {m € M | rm = 0, for some non-zero r € R}. It is easy to check that T(M) is a
submodule of M. T(M) is called the torsion submodule of M.
(il) M is torsion-free if T(M) = 0. M is a torsion module if M = T(M).

If R is an integral domain, then a finitely generated free R-module F' is torsion free. Indeed, if the rank of
Fis n, then F' = R™, which is clearly torsion-free. The following crucial ingredient to the structure theorem
we seek shows that, over a PID, torsion-free modules are free. It follows that any M C F' is also torsion-free.
The next theorem shows that we the converse to this holds over a PID.

Theorem 33.2. Let R be a PID and M a finitely generated R-module.

(i) If F is a finitely generated free R-module of rank r and N C F is a submodule, then N is a finitely
generated free R-module of rank less than or equal to r.
(ii) If M is torsion-free, then M is a free R-module.
(iii) If M can be generated by n elements, then any submodule of M can be generated by n elements or
less. In particular, a submodule of a cyclic module is cyclic.
(iv) There exists a submodule F' C M such that F is a free R-module and M = F & T(M).

Proof. For (i), we induct on r. If » = 1, then F' = Rx for some = € R. If N = 0, there is nothing to prove.
Otherwise, since N C Rz, we consider the ideal J := {t € R | tx € N}. We then have J = aR, for some
a € R. We claim N = R(ax), which is a free R-module, since F' is torsion-free. Clearly R(ax) C N, by
definition of a. On the other hand, if n € N, then n = rx, for some r € J, so r = r’a, for some r’ € R.
Thus, n =tz = (r'a)x = r'(ax), which shows that N C R(az), which gives what we want.

Suppose r > 1. Set G := (x1,...,2,-1), a free module of rank » — 1. By induction on r, N NG is
either (0) or a free R-module of rank r — 1 or less. Now every element n in N can be written as n =
a1, + -+ ap—_1%y—1 + a,x,, with each a; € R. If, for every element in IV, a, = 0, then N C G, and we are
done by induction on r. Otherwise, let J denote the ideal of R generated by all of the coefficients of z, as
n varies over the elements of N. J is clearly an ideal of R. Thus, J = aR, for sone a € R. By definition of
J, there exists ng € N of the form ng = s1xy + -+ + $p_12-_1 + az,.

We claim N = (N N G) & Rng. If so, then, on the one hand, Rng is a free R-module of rank one. On the
other hand, M N G has a basis consisting of » — 1 or fewer elements. Putting these bases together gives
a basis for M having no more than n elements (see Homework 5), which is what we want. For the claim,
take n = c1x1 + - - 1201 + crxpxy, in N If ¢, = 0, then n € N N G. Otherwise, by definition of J,
¢ = da, for some d € R. it follows that n — dng € N N G. Therefore, n € (N N G) + Rng, and therefore
N = (NNG)+ Rng. On the other hand, suppose t1z1 + - - t,_12,_1 = sng belongs to (N NG) N Rng. Then

tix1+ -+ tr_1x,—1 = SS121 + -+ + SSp_1Tr—1 + SQT,.

Since the z; are linearly independent, this gives sax, = 0, forcing s = 0. Thus, sng = 0, showing (N N G) N
Rng =0, and thus, N = (N NG) ® Rny, as required.

For part (ii) Suppose M = (x1,...,2z,) and k is the largest integer such that k elements in the set {z1,...,2,}
are linearly independent over R. Without loss of generality, we may assume these elements are z1,...,T.
Set F':= (x1,...,%), a free R-module. Then for each z; with k < j < n, there exists 0 # a; € R such that
a;z; € F. Set a = ag41-- - an. It follows that aM C F. By part (i), aM is a free R-module. However, since
M is torsion-free, then map ¢ : M — aM given by ¢(m) = am is an isomorphism of R-modules. Thus, M
is a free R-module.
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For part (iii), Suppose M = (z1,...,2,). Then we have a surjective homomorphism ¢ : R" — M, which
takes (r1,...,7,) to riwy + -+ + 7,2,. Let N be a submodule of M. Then ¢~!(N) is a submodule of R".
By part (i), ¢~ 1(IV) is a finitely generated free R-module, whose rank is less than or equal to n. Thus, N
is a homomorphic image of R-module generated by n or fewer elements, and hence N is generated by n or
fewer elements.

For part (iv) let’s first observe that M/T(M) is torsion-free. Indeed, suppose r-m = 0, for m € M/T(M),
and 0 # r € R. Then rm € T(M), so there exists 0 # r’ € R such that /(rm) = 0. Thus, (r'r)m = 0.
Since r'r # 0, m € T'(m), so that m = 0 in M/T(M). Thus, M/T (M) is torsion-free, and finitely generated.
By part (ii), M/T(M) is a finitely generated free R-module. Thus, the canonical map M — M/T'(M) is a
surjective map onto a finitely generated. free R-module. Since the kernel of this map is T (M), by Proposition
31.7, there exists a free R-submodule F' C M such that M = F & T(M). O

Lecture 34: Friday November 12. Regarding part (iv) of Theorem 33.2, F' C M may not be unique, as it
depends upon the map j : M/T(M) — M, but its rank is unique. To see this just note that if

FFoTM)=M=FoT(M),

with F’ a free R-module, then modding out T (M), we have F' = M/T(M) = F, so that F’ and F are
isomorphic free modules and therefore have the same rank (by Proposition 32.2). We can then define the
rank of M to be the rank of F. Note also, that when we write, M = F & T(M), if {x1,...,x,} is a basis
for F, then F = Rx1 @ - -+ ® Rax, is a direct sum of cyclic R-modules (see Homework 5). Thus, to finish the
structure theorem for finitely generated modules over a PID, we only have to show that a finitely generated
torsion module is a direct sum of cyclic modules.

We begin with a definition.

Definition 34.1. If R is a commutative ring, and M an R-module. For x € M we define the annihilator
of x to be the set ann(z) := {r € R | ra = 0}. We set ann(M) := {r € r | re = 0, for all z € M}, the
annihilator of M. Both annihilators are ideals of R. Note that M is torsion-free if and only if ann(z) = 0,
for all x and M is a torsion module if and only if ann(z) # 0, for all x € M.

Proposition 34.2. Let R be a PID and M a finitely generated, torsion R-module.

(i) ann(M) = aR # 0, for some a € R. In particular, ¢ annihilates M and divides any element of R
annihilating M.

(ii) If ann(M) = aR and p is a prime dividing a, then M(p) := {x € M | p’z = 0 for some j > 1} is a
non-zero submodule with ann(M (p)) = p°R, for some e > 1.

(iii) Suppose z,z € M satisfy ann(z) = p°R = ann(z), for p € R a prime and e > 1. If (x) C (z), then
() = (2).

(iv) Suppose M = (x) is a cyclic module with ann(M) = p®R, with p € R prime and e > 1. Then for
any non-zero submodule N C M, we have N = (p?z) for some 0 < d < e.

(v) Suppose M is annihilated by p € R, p a prime element. Then M is a direct sum of cyclic submodules.

Proof. For (i), suppose M is generated over R by x1, ..., z,. For each i there exists 0 # a; € R such a;x; = 0.
If we set ag := aq - - - a,, then we have that agz; = 0 for all 4 and hence agx = 0, for all z € M. Note that
ap is a no-zero element in ann(M). Since R is a PID, ann(M) is principal, so we write ann(M) = aR, for
0 # a € R. Moreover, if bx = 0, for all z € M, then a | b (since b € aR), which gives what we want.

(ii) We first note that M(p) # 0. Write a = pa’. Note that o’ ¢ Ra = ann(M), since o’ is not a multiple of
a, so there exists 0 # z € M such that a’z # 0. Thus, a’z € M(p). Suppose z,y € M(p) and p’z = 0 = p*y,
then p/™*(z + y) = 0. Moreover p’(rxz) = 0, for all r € R. Therefore M(p) is a submodule of M. By
Proposition 33.2, M(p) is a finitely generated module. If vq,...,v. generate M(p), let e > 1 be the least
exponent such that p°v; = 0, for all j. Then, clearly, p® € ann(M (p)). Suppose ann(M (p)) = cR, for ¢ € R.
Then, by Part (i), ¢ | p®. By the unique factorization property, ¢ = p’, for some j > 1. By definition, j > e,
and thus ¢ € Rp®. Therefore, ann(M (p)) = Rp°.

For (iii), we have = rz, for some r € R. If p | r, then p° 'z = 0, a contradiction (since p¢~
multiple of p¢). Thus, p{r, so we can write 1 = ur + vp®, with u,v € R. We then have

1 1

is not a

ur = urz = z —vpz = 2,
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showing that z € (x), which implies (z) = ().

For (iv), by Theorem 33.2 (iii), N is a cyclic module, say N = (n). Since N C (x), we have n = rz, for
some r € R. Since R has the unique factorization property, we may write r = rop®, for 7o € R not divisible
by p. Thus, n = rop°z. Since n # 0, we must have 0 < ¢ < p. On the one hand, we have (n) C (p°z). On
the other hand, by Problem 4 on Homework 5, we may write 1 = urg 4+ vp®~¢, since p does not divide rg.
Multiplying this equation by p°z, and using the fact that p°x = 0, we have, p°x = urop®x. Thus, p°r = un,
showing that p°z € (n), and thus (p°z) C (n), which gives (p°x) = (n) = N, which is what we want.

For (v), let n > 1 be such that M can be generated by n elements and M cannot be generated by fewer than
n elements. Suppose M = (z1,...,x,). We show by induction on n that M = (x1) @ - & (x,,). f n =1,
there is nothing to prove. Suppose n > 1. Set M’ := (x1,...,x,—1). Clearly M’ cannot be generated by
fewer than n — 1 elements, otherwise these elements together with x,, would generated M, contradicting the
choice of n. Thus, M" = (z1) ® -+ ® (x,—1). It suffices to show M = M’ @ (z,). Clearly M = M' + (z,,).
Suppose z € M’/ N {(x,). If z # 0, (2) C (x,), so by part (iii), (z) = (x,), so z, € (z) C M’, which is a
contradiction - since this would imply M = M’. Therefore, z = 0 and thus, M’ N (x,) = 0, which gives
M = M' & (z,), as required. 0O

Remark 34.3. Let M be an R-module over the PID R. Suppose « € T(M) and let ann(x) = aR. Then we
have a surjective R-module map ¢ : R — (z) whose kernel is aR. Thus, (x) & R/aR., which looks exactly
like the isomorphism we obtain when we have a cyclic group. When a = p is prime, then (x) is the module
analogue of a cyclic groups of order p: p kills its generator, and the group has no proper subgroups.

Lecture 35: Monday November 15. In Theorem 34.2 (v) we showed that if M is a finitely generated module
over a PID having the property that M is annihilated by a prime element, then M is a direct sum of cyclic
modules. Our next theorem extends this to modules annihilated by a power of a prime element, and is the
most difficult part of the structure theorem for modules over a PID. However, we first need the following
remark.

Remark 35.1. Suppose M is a finitely generated module over the PID R. By Proposition 33.2 (iii), every
submodule of M is finitely generated. In this case, by Homework 5, problem 8, M also satisfies both the
ascending chain condition on submodules, and the maximal condition on submodules - the latter meaning
that every non-empty collection of submodules of M has a maximal element. A module satisfying these
properties is said to be Noetherian. Our use of the maximal condition here takes the place of an induction
argument that would be applied in the case of finite abelian groups or finite dimensional vector spaces over
a field. An argument making use of the maximal condition is sometimes called Noetherian induction.

Theorem 35.2. Let R be a PID and M a finitely generated R-module with ann(M) = p*R, with p € R
prime and e > 1. Then M is a direct sum of cyclic modules. In fact, there exist x1,...,z, € R and
e=e1 >+ >ep such that M = (z1) ® -+ ® (x,), with ann(z;) = p* R, for all i.

Proof. We begin by noting that there exists 0 # x € M such that p°~ !z # 0. Otherwise, p°~! annihilates
every = in M, and thus is divisible by p®, which cannot happen. So we start with 0 # x such that p®~ 'z # 0.
If M = (z), we are done. If M # (z), we set £; := z and claim there is a submodule M; such that
M = (z1) ® M;. Suppose we could always find such an M; whenever a cyclic submodule has the same
annihilator as the module. Then, taking xs € My so that ann(zy) = ann(M), either My = (z3), and thus,
M = (x1) @ (x2) or there exists My C M such that My = (z2) & Mo, so that M = (x1) ® (x2) & Ms. If we
apply the construction inductively, then we have a chain of submodules,

(1) C (x1) B (x2) C (1) B (T2) B (w3) C -+~

Since M satisfies the ascending chain condition, this process must stop when M is a direct sum of cyclic
submodules. For the statement about annihilators, first note that since p°R is in the annihilator of every
element and submodule of M, the annihilator of every element and submodule divides p® and is thus generated
by a power of p. Moreover, since M;11 C M;, ann(M;) C ann(M;41), and therefore, if ann(M;) = p® R and
ann(M;41) = p®*+' R, e; > e;41. Since ann(x;) = ann(M;), the statement concerning annihilators follows.

Thus, we must prove the following statement: If M is a finitely generated R-module with ann(M) = p°R
and x € M satisfies ann(x) = p°R, then there exists a submodule K C M such that M = (z) @ K. To see
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this, we will show that there exists an R-module homomorphism « : M — Rx that is the identity on Rx.
Suppose « exists. Set K to be the kernel of a. Let m € M. Then a(m) € Rz, and hence a(a(m)) = a(m).
Thus, a(m — a(m)) = a(m) — a(a(m)) = 0, so that m — «a(m) € K. Thus, m C Rx + K, since a(m) € Rz,
by definition. Therefore, M = Rz + K. Suppose rz € K belongs to Rz N K. Then rz = a(rx) = 0. Thus,
Rx N K =0, showing M = Rx & K.

To find « : M — Rx which is the identity on Rx, let C denote the collection of submodules N C M
containing Rz for which there exists a homomorphism v : N — Rx which is the identity on Rz. Note that
Rx belongs to C by just taking the identity map on R, so C is not empty. Then C has a maximal element,
say N, together with a homomorphism « : N — Rz, which is the identity on Rz. We claim N = M. If so,
then we are done. Suppose not. Take m € M\ N such that pm € N. Then p®m = 0, so that p*~La(pm) = 0.
Now, since a(pm) € Rx, we may write a(pm) = rz, for some r € R. Thus, 0 = p°~!(ra) = (p*~1r)z, so
p°~lr € ann(x) = p°R. Thus, p°~1r is divisible by p°, so r is divisible by p. Thus, we may write r = rop
and therefore a(pm) = p(roz) E[ Set z := rox, so that

a(pm) = pz € Rx.
We now define v : N + (m) — Rz as follows: y(n +rm) = a(n) +rz, for all n € N and r € R. If v is well

defined, then the fact that v extends v and N + Rm is strictly larger that N contradicts the maximality of
N. Thus, we must have N = M, which gives what we want.

Finally, to see that v is well defined, suppose that n +rm = n’ +r'm, for r,7’ € R and n,n’ € N. Then
(r —r)m € N. Set J:={s € R| sm € N}. This is a principal ideal, so J = aR, say. Since p € J, p € aR.
Thus, a | p. This can only happen if a is a unit multiple of p, and hence aR = pR. Therefore, ' — r = tp,
so that " = r + tp. Thus, n 4+ rm = n’ + (r 4+ tp)m so that n = n’ + tpm. Therefore

v(n+rm) = 7((”/ + tpm) +rm)
an’ +tpm) +rz
n') + ta(pm) +rz
n') +tpz +rz
n')+ (r+tp)z
n')+r'z

=y(n' +rm).

a(n/
a(
= o
= o
af

This shows that « is well defined and provides the contradiction we sought. This completes the proof of the
theorem. (]

Lecture 36: Wednesday November 17. The next proposition shows that the structure theorem for torsion
modules reduces to the case covered in Theorem 35.2.

Proposition 36.1. Let R be a PID an M a finitely generated, torsion R-module. Suppose ann(M) = aR,
and a = pi* - - pSr, for primes p; € R and e; > 1. Then

(i) M =M(p)®---®Mp,).
(i) ann(M(p;)) = p§’'R.

Proof. For (i), set s; := Hj#p;j, for 1 < i < r. Since the GCD of the s; equals 1, the ideal generated by
the s; is R. Thus, we may write 1 = t181 + - - + t,-8,. For any € M, we have x = (t1512) + - - - + (¢r5-2).
Since pi* - (t;8,¢) = 0, each t;s;,& € M(p;). This shows that M = M(p1) +--- + M(p,). On the other hand,
by the previous proposition, each M (p;) is annihilated by a power of p;, so we take «; to be the least power
of p; annihilating M (p;). Then there exist ¢,d € R such 1 = ¢p]" + du;, where u; = H];ﬁzp] Now suppose
y € M(p;) N (ZJ#M(pJ)). Then y = (epiy) + (dusy). Since y € M(p;), cpi*y = 0, while on the other

hand, du;y = 0, since y € Zﬁéz M (p;). Thus, y = 0, showing M = M(p1) @ --- & M(p,), as required. O

4Note: Here is where we are using the fact that ann(z) = ann(M). If ann(z) = p°R, with ¢ < z, and the only power of p
annihilating m is e, then the equation (p®~!r)z = 0 does not tell us anything, since p®~ 1z is already 0.
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For (ii), by the previous paragraph, ann(M (p;)) = pi‘ R, where «; to be the least power of p; annihilating
M(p;). Set a' := pi* ---p®. Then o' annihilates M, since every element in M is a sum of elements from
the M (p;). Thus, a | o’. Tt follows that each a; > e;. Now suppose, for example, a1 > e1. Then there exists
a non-zero x € M (p1) such that p{*z # 0. Since M (p1) N M (p2) = 0, p?pi'x # 0. Continuing in this way,
using the fact that M(p1) N X2 M(p;) = 0, we have that p¢ ---p{*x # 0, which is a contradiction, since
a = pit---p¢ annihilates M. Thus, e; = «g, so that ann(M(p1)) = p{* R, as required. Exactly the same
argument shows a; = e; for all 4, which gives what we want. (Il

We now have all of the ingredients for the structure theorem for finitely generated torsion modules over
a PID. Note, then, that this yields a structure theorem for finite abelian groups.

Structure Theorem for Torsion modules over a PID. Let R be a PID and M a finitely generated torsion
module over R, i.e., M = T(M). Then M is a direct sum of cyclic modules. In fact, if we write ann(M) = aR
and a = pi* -+ - p&, with each p; € R prime and e; > 1, then there exist integers ny,...,n, > 1 and for each
1<i<r, integers e; = e€;1 > -+ > €, n, and elements x; 1,...T;n, € M such that ann(z; ;) = pfi’jR and

M= (211) ®- D (T1n,) D B (@r1) B © (Trn,)-
Moreover, we have
M= (R/p;"'R)@ - @ (R/p," " R) & & (R/p;"'R) & - & (R/p:""" R).
This second decomposition may be thought of as an external direct sum.

Proof. The first statement is immediate from Proposition 35.3 and Theorem 35.2. The second statement
follows from the first and the fact that the homomorphism ¢;; : R — (z; ;) defined by ¢(r) = rz; ; is a
surjective R-module homomorphism with kernel p;"’ R. O

For a finite abelian group G, one says that G has index a > 2 if G has elements of order a and the order of
every element of G is divisible by a. This is the same thing as saying that, when we view G as a Z-module,
ann(G) = aZ. Thus, the following corollary is immediate from the structure theorem above.

Corollary 36.2. Let G be a finite abelian group of index a = p{* - - - p¢, where p1,...,p, are prime. Then,
for each 1 <4 < r, there exists e; = €;;1 > - -+ > e;5, such that

G = (Zpil,l DD Zpil,m )& D (Lyera @+ @ Lyermn ).

Remark 36.3. The collection of primes powers {pf”} appearing in the structure theorem above are called
the elementary divisors of M and are uniquely determined by M. We will sketch a uniqueness argument,
focusing on the case that R = Z, though it should be fairly clear how this applies for a general PID. Suppose
M is a finite abelian group, i.e., a finitely generated torsion Z-module and on the one hand, we have a
decomposition

M= (Z/p"'2) @& Z/py " L) & & (Z/pi L) & - & (Z/py" D),

where a = pi' -+ p¢, with each p; € Z prime, is the order of M, i.e., the annihilator of M, while on the
other hand,

M=z ) o0 @/ D)oo Z/d" D) e o2/ ),

for primes qi, . . ., ¢; and positive integers f;1 > -+ > fi 5. Set b:=¢q"" -+ q{“. From the second expression

above, we see that bR = ann(M). Thus, bZ = aZ, so that a and b are associates in Z, i.e., a = £b. Thus, by
unique factorization, after a change in indices, r = t, p; = ¢; and e; 1 = f;,1 for all i. Now, for each 1 <1i <r,
the subgroup M (p;) depends only on p; and M, and not on either of the decompositions above. Thus, we
may focus on a single prime and assume we have a prime p € Z and a finite abelian group M such that

M= (Z/p"Z) & & (Z/p™Z) = (Z/p"Z) & - - & (Z/p/* Z),

with ey > -+ > e, and f; > --- > f;. Now, thinking of M as a Z-module, we let N denote the set of

elements annihilated by p, i.e., the elements in the group having order p. This is a subgroup of M and an

element in M has order p if an only if each coordinate does. Moreover, any cyclic group G has a unique
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subgroup of order p, if p divides G, and this subgroup consists of the p — 1 elements of order p together with
0. Thus, we have

N = Z/p L) @ - @ (p° T L/p L) = (ph T L ) @ - @ (07T 2 p D).
We now note that N can be regarded as a vector space over Z,. Given ¢ € Z, and x € N, we define ¢-
to be cz. Note that if ¢ = d € Z,, then d = ¢ + hp, for h € Z. Thus, dz = (¢ + hp)z = cx + hpxr = cx, so
the action of Z, on N is well-defined. The decompositions of N above show that n = dimz (N) = s (since

p*rZ/p“7Z = Zy), so that n = s. Note that induction on e; +---+e, will give e; = f1,...,e, = fn. To see
this, we first have to consider the factors in each decomposition of M and N consisting of Z,. So suppose

M= (Z/p"L) & & (Z/p"L) ® (Zp) = (Z/p"2) & - & (Z/p" L) & (Z,)™,
where e;, fj > 1, ej41=--=e,=1= fjz1=---= frpand i+ =n = j +m. We then have
N = (L) @ - ® (07T L/ L) @ (L) = (0T L) @ - @ (0D TIZ/pN ) @ (2,)™
Modding out N gives
M/N = (Z/p"'2) & - & (Z/p"'2) = (Z/p" 'Z) & - @ (Z/p" ),

so by induction, i = jand e; —1=f; —1,...,e;, — 1 = f; — 1, and hence e; = f1,...,e; = f;. Since ¢ = j,
we have [ = m and the proof is complete, i.e., n =s and e; = f1,...,e, = fn. O

Putting together Theorem 33.2 with the structure theorem for torsion modules, we obtain the full structure
theorem for finitely generated modules over a PID.

Structure theorem for finitely generated modules over a PID. Let R be a PID and M be a finitely
generated module over R. Then their exists unique integers s,r > 0,> 0, unique primes p1,...,p, € R and
unique positive integers €; 1 > -+ > €; . , for 1 <i <r, such that

M =R @ (R/py" R) @@ (R/p)"" R)® - @ (R/p;"' R) @ - & (R/p;""" R).

Proof. By Theorem 33.2; and the remark following it, M = F & T (M), where F is a free R-module whose
rank depends only on M. Thus, if the rank of F is s, F' = R®. By the structure theorem for torsion modules,
if we write ann(T(M)) = aR, and a = p7* - - - p& with each p; € R prime and e; > 1, then

T(M) = (R/py"" R)® - & (R/p)"" R) & @ (R/p{"' R) & - & (R/pi""" R),
for unique {e; j;, as prescribed. O

Remark 36.4. In the statement of the full structure theorem, we have chosen to express M isomorphic
to the external direct sum of cyclic modules. Of course, given Theorem 33.2 and the structure theorem for
torsion modules, it is clear that M is also the internal direct sum of a free module and cyclic submodules as
described in the structure theorem for finitely generated torsion modules. And of course, it can be the case
that s = 0, in which case M is a torsion modules, or r = 0, in which case M is a free R-module.

Lecture 37: Friday November 19. There is another standard way to present the structure theorem for finitely
generated modules over a PID, in which the decomposition of T'(M) takes a different form. Suppose we write

(M) = (R/pilﬁlR) oD (R/pil'an) O B(R/PR)D - D (R/pinnrR)7

as in the structure theorem. One can use the Chinese Remainder Theorem, CRT for short, for PIDs, to
rearrange the terms in the decomposition above. Recall, that for the integers, the CRT states that if n,m € Z
are relatively prime, then Z,,, = Z, ® Zmﬂ Since GCDs and Bezout’s Principle hold in R, given r,s € R
with GCD equal to 1, we have R/rsR = R/rR @® R/sR. This isomorphism easily extends to finitely many
elements whose GCD equals 1, i.e., elements generating R as an ideal. Thus, if we set a; := p{"" ---p.™" |
we have that

R/p{"*R&---&R/po'R= R/asR.

5To so this, let ¢ : Z — Zn @ Zm be the map that sends a € Z to (@,a) € Zn ® Zm. Since n,m are relatively prime,
there exist r € nZ and s € mZ such that 1 = r+s. Thus, 1 =35 in Z, and 1 = 7 in Z,,. Given (a, 5) € Zn, D Zm, we have
¢(sa + rb) = (sa + rb, sa + rb) = (3a,rb) = (@, b), showing ¢ is surjective. It is easy to see that the kernel of ¢ is nmZ, so the
required isomorphism holds.
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Now set ag := py"* ---p5~>. We then have as|a; and

R/p]'’R@--- @ R/pf2R = R/asR,
and hence
R/p7?R® - @ R/p' RO R/p;"*R& -+ & R/pi™> R R/a1R® R/asR.
Continuing in this fashion, we have the existence of a1, ...,aq € R such that a4 | ag—1 |-+ | a1 and
MR ®R/a1R® R/asR® - - ® R/aq4R.
The ideals a1 R, .. .aqR are called the invariant factors of R and are uniquely determined by M.

Application to Linear Algebra. Let V be a finite dimensional vector space over the field Fand T : V — V
a linear transformation. Then V becomes an F[z]-module under the action of T: For p(z) € F[z] and v € V,
one defines p(x) - v to be p(T)(v). It is easy to check that this makes V into a finitely generated F[z]-
module. Since F[z] is a PID, we may apply the structure theorem for finitely generated modules over a
PID. Let us first note that V' is a torsion F[z]-module. For this, set d := dim(V) and take 0 # v € V.
Then v, T(v), - ,Td(v) are linearly dependent vectors, and thus, there exist aq,...,aq € F such that
agv+a;T(v) +---+agT%v) = 0. Setting p(z) = ap + a1z +---+al, this yields p(T)(v) = 0, or in module
notation, p(x)v = 0. Since V is a finitely generated torsion module over F[z], its annihilator is non-zero.
If we set g(z)R := ann(V), then ¢(T") = 0, since ¢(T)(v) = 0, for all v € V. Not that if p(z) € F[z] and
p(T) = 0, then p(x) annihilates V' and thus ¢(z) | p(z). For this reason, g(z) is called the minimal polynomial
of T.

Now take v € V. Then ann(v) is easily seen to be generated by the polynomial g,(z) of least degree such
that ¢,(T)(v) = 0, and moreover ¢,(z) divides any polynomial p(z) such that p(T)(v) = 0. What is (v), the
cyclic submodule of V' generated by v 7 By definition it is { f(x)v | f(x) € F[z]} = {f(T)(v) | f(z) € Flx]}.
Let ¢ := deg(gy(x)). Then, for any p(z) € F[x] with degree greater than or equal to ¢, we can write p(x) =
h(x)qy(x) + r(x), with deg r(x) < ¢, so that p(T)(v) = h(T)g,(T)(v) + r(T)(v) = r(T)(v). It follows easily
from this, that B := {v,T(v),...,T° *(v)} forms a basis for (v), when we think of (v) as a vector space over
F. ﬂ Note that by definition, (v) is invariant under T', i.e., T} , is a linear transformation from (z) to itself.
What is the matrix of T'[(,y with respect to the basis B? To find this, write ¢, (x) = 2° + a1z 4 .
Then we have:

T(v) = 0-v+1-T() +0-T%(c) +0- T3(0) -+ +0- T (v)
T(T('U)):O’U+OT(’U>—|—1T2(U)+OT3(,U)++0Tc—1(v)

T(T () = —ac - v+ Qe - T(V) + Qg - T?(v) = - — a1 - T H(v),

the last inequality following from ¢,(7")(v) = 0. Thus, the matrix of T'|.,, with respect to B is
00 0 -+ —a
100 -+ —og
010 - —op |
00 0 -+ —a.

the Companion Matriz of q,(x), denoted C(g,(z)). Note that this ¢ x ¢ matrix depends only on ¢,(x), so
that given any f(z) € F[z] we may define its companion matrix C(f(z)) analogously.

We now state the Rational Canonical Form Theorem for T and note that it is really just a restatement of
the structure theorem for finitely generated modules over a PID in the case that F[z] is the ring, V is the
module and the ring action is defined by T: V — V.

6These vectors clearly span (v) as a vector space over F', and any non-trivial dependence relation among them would yield
a polynomial g(z) of degree less than ¢ such that g(T")(v) = 0.
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Rational Canonical Form via elementary divisors. Let V be a finite dimensional vector space and
T:V =V a linear transformation. Factor the minimal polynomial of T as q(x) = p1(x)°* - - pr(x)°", with
each p;(x) irreducible over F. Then V is a direct sum of cyclic subspaces. In particular, for each 1 <i <r
there exist positive integers e; = e;1 > -+ > €, p,, and a basis B for V such that A, the matriz of T with
respect to B, has the the block diagonal form

A0 0
0 A 0
A= . ]
0 0 Ay
and for each 1 <i <r,
Clpi(@)) 0 0
0 C(pi(x)e?) 0
A= . =
0 0 o Clpi(x)©omi)

We note that from the module perspective, V = V(p1(z)) @ --- ® V(pr(z)). Each V(p;(x)) is a direct sum
of cyclic subspaces that yield a companion matrix of the form C(p;(z)¢), and each A; is the matrix of
T'|v (p,(z)) With respect to the union of the cyclic bases from each of those cyclic subspaces.

Lecture 38: Monday November 22. We now return to the inverse Galois problem for finite abelian groups.
Before showing that the Inverse Galois Problem has a positive answer for abelian groups, let’s first see the
idea behind the case when G, the group in question, is cyclic, say G = Z,,. Using a special case of Dirichlet’s
theorem on primes in an arithmetic progression, one can find a prime number p such that n divides p — 1.
We will prove this below. If we write p— 1 = n-m, then any cyclic group of order p — 1 has a (unique) cyclic
subgroup of order m, and if we factor out that subgroup, the quotient group is then cyclic of order n. Let
€ is a primitive pth root of unity. We will also see that Gal(Q(e)/Q) is isomorphic to Zj, a cyclic group of
order p — 1. Let H C Gal(Q(€)/Q) be the subgroup of order m and K be the fixed field of H. Then, since
Gal(Q(€)/Q) is abelian, H is normal and K is Galois over Q. Its Galois group over Q is the factor group
Gal(Q(e)/Q)/H = Z,,, which gives what we want. The general case will follow along similar lines. Thus,
we need to deal with the Galois group obtained by adjoining a root of unity and also the statement about
primes in a particular type of arithmetic progression.

As a first step along our path, we’ll make some general comments. For any positive integer n, Z, is a
ring. As such, not every element has a multiplicative inverse. Recall that an element in a commutative ring
is said to be a wunit precisely when it does have a multiplicative inverse. The set of units in a ring forms
a group under multiplication. Now, it is not hard to see that the units in the ring Z, are precisely the
residue classes of the positive integers that are less than n and relatively prime to n. Let Z} denote the
multiplicative group of units in the ring Z,, and set ¢(n) := |Z}|. Then ¢(n) is called the the Euler phi
function or Euler totient function. Thus, ¢(n) is the number of positive integers less than n and relatively
prime to n. An important property of this function is that ¢(nm) = ¢(n)éd(m), whenever n and m are
relatively prime. One way to see this is as follows. Since n and m are relatively prime, the rings Z,,,, and
Zyp, ® Zyy, are isomorphic (via the Chinese Remainder Theorem). Thus the groups of units in these rings are
isomorphic, i.e., Z . = (Z, ® Z,)*. However, it is easy to see that an element in a product of rings is a
unit if and only if each coordinate is a unit in the corresponding factor. Thus, (Z, & Z,,)* = Z5 & Z%,, so
we have ZF = = 7" @ Z,. Counting elements in these groups gives ¢(nm) = ¢(n)p(m).

Theorem 38.1. Let ¢ be a primitive nth root of unity. Then Q C Q(e) is a Galois extension with Galois

*

group isomorphic to Zy,, and therefore, [Q(¢) : Q] = ¢(n). Moreover, if p is prime, then Z5 is cyclic

Proof. Since Q(e) is the splitting field for 2™ — 1 over Q and the extension is separable, the extension is

Galois. We first show that [Q(e) : Q] = ¢(n). To see this, set G := Gal(Q(¢)/Q) and let o € G. Then o is

determined by its value o(e). On the one hand, its easy to check that o(e) is also a primitive nth root of

unity. Since the number of primitive nth roots of unity equals ¢(n), it follows that ¢(n) > |G| = [Q(e) : €.

On the other hand, let f(z) € Q(x) be the minimal polynomial for € over Q. We claim that if p is a prime
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less than n and relatively prime to n, then f(e?) = 0. Suppose the claim holds. Then, since €? is also a
primitive nth root of unity, (e?)? = €P? is also a root of f(X) for any prime ¢ less than n and relatively prime
to n. By iterating, it follows that for any r less than n and relatively prime to n, € is a root of f(x). Thus
[Q(e) : Q] = degree(f(x)) > ¢(n), which gives what we want.

To prove the claim, write ™ — 1 = f(z)g(x), with g(x) € Q[z]. Since 2™ — 1 is a primitive polynomial, f(x)
and g(x) have integer coefficient

Since €P is also an nth root of unity, it is a root of z™ — 1, and thus either a root of f(x) or g(z).
Suppose g(e?) = 0. Then € is a root of g(aP). Thus, f(z) divides g(zP), and again, since f(x) is monic, the
same argument using Gauss’s Lemma shows that we can write g(a?) = f(z)h(z), where h(z) has integer
coefficients. If we reduce the coefficients mod p, then we have an equation g(zP) = f(z)h(x) holding in Z, [x].
Now, for any integer a, a? = a, modulo pZ, so it follows that in Z,[z], g(a?) = g(x)P. Thus, g(z)? = f(z)h(z)
in Z,[z]. It follows from this that f(z) and g(z) have a common factor modulo pZ. Since 2" —1 = f(z)g(z)
in Zp[x], this means that in the algebraic closure of Z,,, ™ —1 has a repeated root. On the other hand, 2" —1
and its derivative are relatively prime as elements of Z,[x]. This is because p does not divide n, so nz"~! is
not the zero polynomial in Z,[x]. Thus, 2™ — 1 has distinct roots, a contradiction. Therefore, g(e?) # 0, so
we must have f(e?) = 0, which establishes the claim and thus the equality [Q(e) : Q] = ¢(n).

We now show that G is isomorphic to Z;. To see this, as above, we note that if o € G, then o(e) is a
primitive nth root of unity, so o(e) = €", for a unique positive integer r less than n and relatively prime to
n. Define § : G — Z}, by 6(c) =T, the image of r in Z}. If 7 € G and 7(¢) = €°, with s less than n and
relatively prime to n, then 7o(e) = (¢")® = €*". Now, sr is relatively prime to n, but may be larger than n,
so we write sr = a - n + ¢, with ¢ less than n and relatively prime to n. Thus, (7o) = ¢ =57 € Z%. But
57 =3-7 = 6(1)0(0), so 6§ is a group homomorphism. Morover, by definition, if § takes v in G to 1, then
~v(€) = €, so v is the identity element in G, i.e., 8 is one-to-one. Since G and Z; both have order ¢(n), 6
must also be onto, so ¢ is an isomorphism. The last statement in the theorem follows since Z, is a finite
field, so its multiplicative group of non-zero elements is cyclic by Problem 2(v) on Homework 2. The proof
of the theorem is now complete. O

Remark 38.2. Let n > 1 and € be a primitive nth root of unity. It follows from the proof above that
if f(z) is the minimal polynomial for e over Q then the roots of f(x) are precisely the primitive nth roots
of unity, i.e., f(z) = (v —€1) - (x — €g(n)), Where €1,...,€4(,) are the primitive nth roots of unity. Set
®,,(z) := f(z). Then ®,(x) is called the nth cyclotomic polynomial. It also follows from the proof above
that ®,,(z) is an irreducible monic polynomial with integer coefficients. Moreover, if we let § be any nth
root of unity, then for the least d such that 6¢ = 1, d divides n (since the nth roots of unity are a group
of order n) and ¢ is a primitive dth root of unity. Conversely, for any d dividing n, a primitive dth root
of unity is an nth root of unity. It follows immediately from this that 2™ — 1 = Hd‘n ®4(x). Using this
formula and recursion, one can compute the polynomials ®,,(z). For example, ®;(z) =z —1, ®o(z) =2+ 1,
Py(x) =2 +x+1, Oy(x) =22+ 1, &5(z) =2 + 23 + 22 + v + 1, P6(z) = 2 — z + 1. If p is prime, then
Op(z)=aP '+ -4z +1

Corollary 38.3. Let ny,...,n; be pairwise relatively prime positive integers. For each 1 < i <'t, let €; be
a primitive n;th root of unity. Then € := €1 -+ € s a primitive ny - --ng oot of unity and Gal(Q(e)/Q) is
isomorphic to Zy, & -+ @ L, .

Proof. We use the following fact, whose proof we leave to the reader. Namely, that in an abelian group,
if elements x1,...,z; have orders nq,...,n; that are pairwise relatively prime, then the order of xi ---xy
is ny - -ny. If we apply this to the group (C\{0},-) and the elements €, ..., ¢, it follows that €; - - - ¢ has
order ny - --ng. In other words, € is a primitive ny - - - ny root of unity. From Theorem 38.1, Gal(Q(e)/Q) is
isomorphic to (Zy,...,,)*. But since this group is isomorphic to Z;, @ --- @ Z;, , the corollary follows. ]

"To see this, first note that if go(x), ho(z) € Z[z] and p € Z is prime, then, if p divides all of the coefficients of go(z)ho(z),
p must divide all of the coefficients of gg(x) or all of the coefficients of hg(z) - since in Zp[z], the product go(z)ho(z) = 0,

and hence either go(xz) = 0 or ho(z) = 0. This is one version of Gauss’s Lemma. Now, from z™ — 1 = g(z)h(z), we can
write g(z)h(z) = Fgo(x)ho(z), with a,b relatively prime, go(z), ho(x) € Z[z], and go(x), ho(z) primitive polynomials. Thus,
b(z™ — 1) = ago(z)ho(z). This forces b = 1, since a prime dividing b does not divide a or any of the coefficient of go(x)ho(x)
(by Gauss’s Lemma).
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Lecture 39: Monday November 29. In order to show that the inverse Galois problem has a positive solution
for finite abelian groups, we need the following following theorem which is a special case of the celebrated
theorem of Dirichlet which states that if @ and b are relatively prime positive integers, then there are infinitely
many primes in the arithmetic progression {at + b};>1. Theorem 39.1 will show that that for fixed n, there
are infinitely many primes in the arithmetic progression {nt 4+ 1};>1, or equivalently, there are infinitely
many primes congruent to 1 modulo nZ. We will save the proof of this theorem until after we have shown
our main result..

Theorem 39.1. For a fized positive integer n, there are infinitely many prime numbers p such that p = 1
(mod nZ).

All of the pieces are now in place to prove that the Inverse Galois Problem has a positive solution for
abelian groups.

Theorem 39.2. Let G be a finite abelian group. There there exists a finite Galois extension Q C K such
that Gal(K/Q) £ G.

Proof. Since G is a finite abelian group, by the structure theorem for finite abelian groups, we may write
it as a direct product of cylic groups, say G = Z,, ® - -+ ® Zy,. It follows from Theorem 39.1 that we can
find ¢ distinct primes pq,...,ps such that for each 1 < i < ¢, p; is congruent to 1 modulo n;Z. For each
1 < i < t, there is an integer m; such that p; — 1 = n; - m;. Then for each 1 < i < ¢, there is a unique
subgroup H; C Zy of order m; and moreover, Zj /H; is isomorphic to Z,,. Note, Zy, /H; is a multiplicative
group, while Z,,, is an additive group. In any case, they are both cyclic groups of order n;.

Now, for each 1 < i <t, let ¢; be a primitive p;th root of unity and write e for the product €; - - - €. By
Corollary 38.3, Gal(Q(¢)/Q) = Zy & --- ®© Zy,. Let H C Gal(Q(¢)/Q) be the subgroup corresponding to
Hy@---®H CZ; ©---®Zy and take K to be the fixed field of H. Then, since Gal(Q(¢)/Q) is abelian,
H is normal, so K is a Galois extension of Q. Moreover, Gal(K/Q) = Gal(Q(¢)/Q)/H is isomorphic to G.
Thus, G is the Galois group of a Galois extension of @ and the proof of Theorem 39.2 is complete. ]

Proof of Theorem 39.1 (J. Tate). The proof will proceed in a number of steps. The first step is interesting
in its own right. It generalizes Euclid’s proof that there are infinitely many prime numbers.

Step 1. Let g(z) be a polynomial with integer coefficients. Then there are infinitely many prime numbers
among the prime divisors of the elements in the set {g(0), g(1), g(2),...}. To see this, we first reduce to the
case that the constant term of g(z) is 1. If the constant term of g(X) is 0, the result is trivial. Suppose that
a € 7Z is the constant term of g(z). Then every coefficient of g(aX) is divisible by a. We can then write
g(azx) = a-h(x), where h(x) has constant term equal to 1. If we knew the set of values {h(0), h(1),h(2),...}
had infinitely many prime divisors, the same would certainly hold for g(ax), and thus for g(z), since the
values of g(ax) are among those of g(x). Therefore replacing h(x) by g(x), we may assume that the constant
term of g(z) is 1. Now, by way of contradiction, suppose the elements in the required set of values of g(x)
had just finitely many prime divisors, say pi,...,p,. Consider the values of g(t-p;---p,) as t € Z goes to
infinity. Eventually these values are larger in absolute value than any p;, yet are not divisble by any p;. Thus
for ¢ sufficiently large, g(¢-p1 - - - p,) must be divisible by a prime different from any of the p;, a contradiction.
This proves Step 1.

Lecture 40: Wednesday December 1. We continue with the proof of Theorem 39.1.

Step 2. Let n be a positive integer and p be a prime number not dividing n. Then p divides ®,,(c¢) for some
integer c if and only if the order of the element ¢ in Z; equals n. To see this, suppose first that p divides
®,,(c). Then p divides ¢" —1, so (¢)" = 1 (mod pZ). Suppose the order of ¢ were less than n. Then for some
e dividing n, (€)° =1 (mod pZ). Since 2° —1 = [, Pc(x) modulo pZ, it follows that ¢ must also be a root
modulo pZ of some ®4(x), with d|n and d < n. Since ®4(z) and D, (z) are factors of 2 — 1 mod pZ, ¢ is a
multiple root of ™ — 1 over Z,. But as in the proof of Theorem 38.1, 2 — 1 and its derivative are relatively
prime modulo pZ, so 2™ — 1 has distinct roots modulo pZ. Therefore, the order of ¢ in Z7 is n. Conversely,
if the order of € in Zj is n, then p divides ¢" — 1. Therefore, p divides ®,4(c), for some d dividing n. But if d
were less than n, then p would divide ¢? — 1, so the order of ¢ in Z,, would be less than n. Thus, p divides
®,,(¢), as required. This finishes the proof of Step 2.
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Step 3. For an integer n > 1 and a prime p not dividing n, Z; has an element of order n if and only if p =1
(mod nZ). To see this, just note that since Zy, is cyclic, Zy has an element of order n if and only if n divides
|Zy| = p — 1, which happens if and only if p =1 (mod nZ).

We now finish the proof of Theorem 39.1. By Step 1, there are infinitely many primes p dividing the
values ®,,(c) as c varies over the positive integers. Of course, infinitely many of these primes do not divide
n, so by Step 2, there are infinitely many primes p for which p does not divide n and for which there exists ¢
such that ¢ has order n in Z;. By Step 3, there are infinitely many primes congruent to 1 modulo nZ, which
is what we wanted to show. ]

Examples 40.1. (i) The general construction of a Galois extension of Q for a given abelian group is easy, if
G =Zn, ® - ®ZLn, for n; = p;—1, with p; primes. For then, each Z,,, = Z; _, so that if n = p; - - - p,, it follows
from Corollary 38.3 that G = Gal(Q(e)/Q), where € is a primitive nth root of unity. Thus, for example, if
G =7Zo ® 74 @ Z1s, and € is a primitive 285th root of unity (since 285 = 3 -5 -19), then G = Gal(Q(¢)/Q).

(ii) In general, the proof of Theorem 39.2 tells us how to construct a Galois extension over Q with given
finite abelian Galois group. But doing so explicitly, is not alway so easy, even for cyclic groups of relatively
small order. For example, suppose G = Zg. Then the first prime p such that p = 1 mod 8 is 17. Thus,
if € is a primitive 17th root of unity, Gal(Q(e)/Q) = Z3,, which is a cyclic group of order 16. To find a
Galois extension K of Q whose Galois group is isomorphic to Zg, we must take the fixed field of H, where
H C Gal(Q(e)/Q) is a subgroup of index 8. Now, 5 is a cyclic generator for Z3, (check this), and thus, the
proof of Theorem 38.1 tells us that o € Gal(Q(€)/Q) given by o(€) = € is a cyclic generator of Gal(Q(e)/Q).
Therefore o® is an element of order two, and so it generates a subgroup of index 8. If we call this subgroup
H, then v € Q(e) is in the fixed field of H if and only if 68(y) =~

Now, the minimal polynomial for € over Q is ®17(z) = 26 +2® +.-- + 2 + 1, so that 1,¢,...,€!° is a basis
for Q(e) over Q. Thus, if v € Q(e), we can write
Y =ap+ a€e+ CL2€2 + -4 a15615,

and therefore,
o (7) = ag + a10%(€) + ag0® (%) + - - - + ay50°(e'°).

A somewhat tedious (though not difficult) calculation shows that

It follows that
o®(7) = (a0 — a1) + (—a1)e + (ar5 — a1)€® + (a1a — a1)e® + -+ + (a2 — ay)e'®.
Setting v = 08(7), we obtain
ap = ap, a1 = 0,a2 = a15,a3 = a14,a3 = ai3,...,a14 = a3, 015 = az.
Therefore,

v =ag+ as(e? + €¥) +az( + )+ +ag(f + ') +ar(e" + €'9) + ag(¥ + ).
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It follows that K := Q(e?+€', 3 +e!, ... S +ell e +€10 e84€%) is the fixed field of H, and Gal(K/Q) = Zg,
as required. We can simplify K by noting that

It follows that K = Q(e? + €!®, €3 + €', €% + €12). Can you find a simpler expression for K? O

Remark 40.2. As mentioned before, the Inverse Galois Problem is known to have a positive solution in
many cases, including all solvable groups, the symmetric groups and all simple groups, except for one of the
sporadic simple groups. Various other groups are known to yield a positive answer to the Inverse Galois
Problem. Of course, one can fix any field F' and ask if a corresponding Inverse Galois Problem over F' has
a positive answer for a given group G. A particular case of interest where the Inverse Galois Problem has a
positive solution for F' # Q, and for all finite groups is when the base field is F' = C(t), the rational function
field in one variable over C. |
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